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APPENDIX  A 
BLEMCNTARY  THEORY  of  PLAICE  IIYPEH30LI0 
STHEAI.'I  LUTE  FLOW 


INGOltPlKESSIBLE  FLUIDS 

1.  By  flux  across  any  curve  con- 
necting two  points  is  meant  the  volume  of  liquid 
crossing  the  right  cylindrical  surface  enveloping 
the  curve  and  included  "between  two  parallel  plane 
"bases  unit  distance  apart. 


liSS 
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2.  Thus,  in  Fig,  la,  the  volume  of 
liquid,  crossing  the  curve  AOB  connecting  the  two 
points  A  and  B  and  passing  between  two  planes 
parallel  to  the  paper  and  unit  distance  apart,  is 
called  the  flux  passing  across  AOB  Evidently  the 
flux  passing  through  AOB  must  also  pass  through  AO-j_B 
and  AOpB,  otherwise,  in  time  there  would  have  to  he 
either  a  decrease  or  an  increase  of  the  mass  of 
fluid  included  in  the  spaces  AOBO-j_  and  AO^^BOg.  But 
if  the  motion  is  steady,  there  evidently  cannot  he 
any  such  changes  in  the  mass  of  fluid  with  time. 
Therefore,  we  conclude  that  the  same  flux  passes 
across  any  curve  connecting  the  points  A  and  B; 
also,  if  A  is  fixed,  it  is  evident  that  the  value 

of  the  flux  depends  only  upon  the  position  (  x,y) 
of  B  and  is  independent  of  the  nature  of  the  curve 
connecting  A  and  B;  i.e.. 

Flux  a   ^(x,y),  only, 

3.  If  now  another  point,  B-j^.very  close 
to  B,  is  found  such  that  the  flux  passing  across  AB-^ 
is  the  same  as  that  passing  across  AB, there  cannot 
he  any  flux  passing  across  the  curve  BB]_.  i,e,, 

the  fluid  must  flov/  along  the  curve  BB-j_  without  cross- 
ing the  latter.   This  path  BB-j_  is  commonly  known  as 
a  stream  line. 

4.  Since  it  appears  that,  on  the  one 
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hand  the  flux  passing  through  the  lines  A,B,  A,B, 
etc.  depends  upon  the  locations  fs^y)  of  the  points 
BB. -si.^  etc.,  while,  on  the  other  hand,  this  same 
flux  does  not  vary  if  the  points  B,B]_  etc.  happen 
to  lie  on  a  stream  line  BB-j^Bg,  whose  equation,  let 
us  say,  is  ~xy  s  C,  it  is  evident  that  the  flux 
must  depend  in  some  way  upon  a  common  property  of 
B  B,  etc.,  or  upon  the  equation  -xy  -  G  of  the 
stream  line  BB^^Bg.   Thus,  for  the  assumed  hyper- 
holic  stream  lines,  the  flux  must  be  some  function 
of  -xy  =  C  i.e.. 

Flux  3  f  (-xy)       (la) 
Since  -xy  =  C  remains  constant  as  we  move  along  the 
hyperbolic  .stream  line  curve.  BB^^Bg  any  function  of 
-xy,  e.g.. 
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f   f-xyT  or  the  flux  must  also  remain  constant,  as 
is  required, 

5,   If  now,  we  analyze  the  flux  pass- 
ing through  an  infinite ssimal  volume  of  area  dxdy 
(Fig. 2a)  and  of  unit  height,  we  note,  that  if  the 
horizontal  velocity  component,  v^,  hrings  in  more 
flux  than  it  removes,  the  vertical  velocity  com- 
ponent, V   must  remove  more  flux  than  it  hrings 
in,  in  order  that  there/^hould  "be  no  net  change 
of  mass  in  the  infinitessimal  volume  dxdy,  with 
time;   if  the  first  change  of  flux  is  an  in- 
crease the  second  change  must  he  a  decrease.  rZE 


(2a) 
(5a) 


have 

5  then, 

^'f 

z  ^^3?y 

2 

---'i^ 

or. 

or. 
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2  ■^'i^) 
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finally. 

2f 
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y 

2-f 

=    _, 

1)  y^         (2a) 


X 


r  --^V'     '3a) 


or  Tx   =  J?f_       (2a) 


or  v.,    =_  'if        (3a) 
2^  ^        '      ^X 
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"■  6,  There  is  thus  seen  to  he  a  definite 
relation  hetween  flux  and  velocity  components ,  For 
frictionless  flow,  there  exists  in  addition  v;hat  is 
known  as  a  Telocity  potential^  (see  Iamb's  Hydrody- 
naraicsi  p.  69-70  and  preceding  chapters)  which  is 
characterized  "by  the  following  equations: 

Vx  =  -     9<^  f4a) 

7.  Physically  this  means  that  the  fluid 
moves  without  rotation  or  that  all  the  component 
angular  velocities  are  zero.  From  the  general  equa- 
tions for  the  component  angular  velocities,  it  can 
be  shown  by  equating  these  velocities  to  zero  that 
there  is  a  function,  which  is  characterized  by  equa- 
tion f4a)  and  (5a)  as  given  above.   This  function 

is  called  velocity  potential,  because  of  the  similarity 
of  its  analytical  expression  to  that  for  electrical 
potential,  as  explained  in  Lamb's  Hydrodynamics, 

8.  From  equations  f4a  and  5a)  we  get 
by  differentiation, 

^x 


l^.-li     (5a) 


.6- 


or  by  comlDination 

But   from  equation   (2a  and  3a) 
we   get, 

^Vk  -  ?^/  (2a) 

^vy  -     -      ^^-f  f3a) 

Therefore,  remembering  equation  (6a)  we  may  write 
_^iL   =._3lf_  (Va) 

9<2  Now,  is  we  express  the  flux  func- 
tion f  (-xy),  as  an  infinite  series,  we  have 

?  ?    "^  3 
f  (xy)  =A-Bxy4-Cxy  -Dxy4... 


from  which  we  obtain  by  differentiation 

9f  _  «    .      -.    p/^    .    .£_    ^O.    a..3 


T. 


Z    -By    -t  ac  Xi/     -  3J^  xy'-h.  . 


IJ'  =r       -H;(    ^ZOf^y   -3/:>X^^^... 

— ^^    ~     2cx^  -  (^Px^  i----    ^   ^x^(c  -  3Px^ 

Comparing  the   expressions   for       2^  f"  and     ^   7^    and 
remembering  equation   (7a),   we   get/ 

2x^(0-3Dxy^.).      =  -Z^^iO -Jf^x^i^--^^^) 


or 


x^  -  -y2      doa] 


for  all  values  of  z  and.  ^.  The  last  condition  is 

evidently  impossible.   This  fact  indicates  that  the 

tenns  cancelled  in  equation  f9a)  are  equal  to  zero 

i.e., 

C  -  3  D  X  y  +  =  0 

for  all  values  of  ^  which  in  turn  can  only  mean 

that 

G  =  0,  D  =0,  etc., 

or  that   for  frictionless   flow,    the  nature   of  the 

flux  function  is, 

f   fxy)      =    /\  -  Bxy  (11a) 

all  the  other  terms  of  the  series  disappearing^ 

10.  Substituting  the  last  expression 

for  the  flux  function  into  the  velocity  equations 

f2"a  and  3"a)  we  get, 

^x   =   ?-^     -   -  Bx     fl2a) 


vy 


B> 


(13a) 


^x 


Also  the  resultant  velocity,  v  can  now  he  expressed 
as. 


=  01 


V. 


=  B/  x"-  +  if^    ^   fl4a) 


for  all  values  of  x  and  £.   Che  last  condition  is 

evidently  impossible.  This  fact  indicates  that  the 

terms  cancelled  in  equation  (9a)  are  equal  to  zero 

i.e., 

C  -  3  D  X  y  +  -   0 

for  all  values  of  x^   which  in  turn  can  only  mean 

that 

0  =  0,  D  =0,  etc., 

or  that    for   frictionless   flow,    the  nature   of  the 

flux  function   is, 

f    (xy)      =    A  -  By.y  (11a) 

all  the  other  terms  of  the  series  disappearing, 

10.   Substituting  the  last  expression 

for  the  flux:  function  into  the  velocity  equations 

(2"a  and  3"a)  we  get, 

"^x   =    '^•^     -   -  Bx     (12a)   . 


vy 


=  _  'di 


Also   the  resultant   velocity,    v  can  now  be   expressed 
as, 

(14a) 
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11.   If  we  next  analyze  the  effect  of 
the  centrifugal  forces  acting  along  the  line  of 
symmetry,  OA,  of  the  hyperbolic  stream  lines  of 
Fig«5A  .  we  note  that  the  centrifugal  force  acting 
upon  the  inf initessimal  fluid  particle,  of  vertical 
height  H,  and  horizontal  cross-section, 

^  -  R  d  0  dR,  is  equal  to, 

2 


Centrifugal  force  s_m_v 


This  force  is  "balanced  hy  a  centripetal 
force  in  the  form  of  pressure  variation  along  the 
line  of  symmetry,  the  value  of  which  is, 

AdjO     '    HRde^^p  fl6a) 

Since  these  two  forces  mu-st  "be  equal  and  opposite, 
we  have, 

3  ^ 


or 


d£  =   -Lv^ 
dB     gR  fl8a: 


12,   The  term  R  in  the  last  equation 
represents  the  radius  of  curvature  of  any  hyper"bola 
at  its  intersection  with  the  line  of  symmetry.   This 
happens  to  "be  numerically  equal  to  the  shorte»f 
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radius  vector  of  the  corresponding  hyper"bola. 
Thus , 

^  =  /"l-  "l^^^y^'  fl9a) 

and  since,  '         ^^I^ 


we  have, 

(V) 


«=   (  /y-  ^  '-^^   ^eZ-x^-xM^/^' 


X 


:  *Sf_   -  ^5_f  „  _  D         (20a) 


as  was  stated, 
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13.  An  inspection  of  equation  (18a) 


and (14a)  shows  that  we  may  write, 

D  ^3^  (21a) 

S 

since  r  -  R,  along  the  line  of  symmetry, 

14 •  Integrating  equation  (21a)  with 
respect  to  R,  we  get 

P  =  Pn-  O^^  R^  (22a) 

&■' 
The  difference  of  pressure  hetween  the  inside  and 

outside  curves  of  a  hyperbolic  elhow  at  the  points 

of  shortest  radii  vectors  R^J^g  may  now  found.  Thus, 

15.  Again  from  equation  (14a)  the  ex- 
pression for  mean  velocity  is 

-E  {  F\z    ~  Fi-±J         -  B      Kz.  -tf^i}    (24a) 

16.  Comparing  equations  (23^  and  (24a), 
we  get. 
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§i±5^rjjH 


=  ^^^T^nt 


=       K/        £^1CJ  f25a) 

From  whioh  the  expression  for  the  flow  meter  co- 
efficient, K,  in  the  case  of  frictionless  flow,  is, 

7  ^i^t-F^^)  (26a) 

17.  For   flow  v;ith   friction,    the   ex- 
pression for  flux  takes  the  more  general   form, 

(see  eq.  8a  and  compare  with  eq.lla) 

18.  Therefore,  the  expressions  for  the 
velocity  components  now  "become, 

^"^  z  1^  =  -ax  ^20^(^1^  -3ZPx*y%.  ..  ^ 


X 


{278,} 


uVO  ^  v'^a  •  /X.  = 


yV 
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f28a) 

Similarly,    the   expression  for  resultant  velocity 
■becomes, 

V  .  /  v/  ^  v/      =  ^^F(-//  x^.y^     = 

=  rF   f-xy)  (29a) 

In  these  equations  F  is  an  unknown  function  of  -xy 
depending  in  some  way  u^on  internal  friction.  When 
internal  friction  is  negligible,  this  function  he- 
comes, 

F  f-:xy)  -  B         I   Compare  Eq.  12a, 13a, 14a] 
I     with 

where  B  -  constant,         \      eq.  27a, 28a, 29a, 

19,   The  equation  for  pressure  distribu- 
tion viz, , 

^     -z       -     D  v^ 

dR         g  R       (see  eq.  18a) 

holds   for  flow  with   friction  gust   the   same   as   it   did 
for   flow  without    friction  since  the   centrifugal   forces 
must   still  be  balanced  by  a  proper  pressure   distribu- 
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tion  along  the  line  of  symmetry.  However,  sinoe 

the  law  of  velocity  distribution  has  been  changed 

to 

Y  =  R  F  (See  eq.  29a) 

eq.  18  takes  the  form, 

d£   -  -  D   RF^     (30a) 
dR        g 

(Compare  with  eq#21a) 

where  the  same  unknown  function  F  is  involved  as 

in  the  expression  for  velocity. 

20.  By  analyzing  experimentalljr  the 
pressure  distribution  along  the  line  of  symmetry 
of  the  hyperbolic  elbow,  as  described  in  paper 
proper,  the  nature  of  the  "F"  function  was  found 
to  be  in  the  case  of  water  either, 

F  (R)  -  B  (/  +A^  R)  (30a) 

(Gompare  with  eq.38) 

or 

/_ 

F  (R)   :=   6  [f<)  "^  f31a) 

(Compare  with  eq.  37) 

21.  Therefore,  using  the  first 
expression  for  the  F  function  v/e  get  the  following 
changes  in  eq.  22a  to  27a  inclusive: 


^  (32a) 


C3 
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Pl-p^   = 


DB 


■|X'__^'.  14  ('/|'-«;)*4,>;  Jss, 


^    =    4 '  ^^^    .   B  J'  R  \i^\ 


R)dR 


«.-«! 


«£-«! 


=  B 


Also  Gomparing  the  new  equations  for  average 
velocity  and  difference  of  pressure,  \ie   get. 


(34a) 


V,  =   B 


£ll^ 


V^^  .  ^iR:..^,^,,^^j 


J^7^^tr^T^77^F^f)T^J^f^S/^^^ 


f35a) 


from  which, 


(36a) 


IVhen  A-|_  =  0  the  last  eqaatioa  evidently  reduces  to 
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as   it    should. 


/r^  +  R^       (See   eq.    26a; 


22»      Using  the   second,   expression  for 
the  F   function  the   equations   just  mentioned  take 


the   following  for^js 


'  J-f 


FKF^dF<   = 


^  2  (xi-y\) 


57a) 


=  oj^^  r'^'.p. 


3    r\  0     Fi^-^^Rr^ 


f38a: 


IpnTyzd 


(39a: 


or. 


T^(l-M^)    ('R^    "^       -   ^^ 


^71/2 


f^^  f  ij  ^      (R,'-^  -     «/-^)  (R,  -RJ  ^       '   2  .7  /y    -~ 


K  /I7h 


(40a) 


:o   Jonope; 


c./ 
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from  which, 


(2^.  if  (^,^-^/-^^j^/^.-V 


/ -m s: 

=  i  /   «.  "  -  ^.  '"       _    (41a) 

for  n  =  15  which  is  the  value  found  experimentally 
for  water. 


COMPRESSIBLE  FLUIDS 

E3,   Referring  hack  to  the  definition 
of  flux  for  stream  line  flow,  we  note,  that  upon 
second  thtought^the  logical  thing  to  consider  as  the 
flux  passing  across  the  unit  height  cylindrical 
surface,  enveloping  any  curve  ii3,  is  the  v/eight 
rather  than  the  volume  of  fluid  crossing  the  cy- 
lindrical surface, 

24.  For  when  we  consider  compressihle 
fluids,  i.e.,  gases  and  vapors,  the  density  of  the 
fluid  when  it  crosses  the  curve  AOB  is  not  necessarily 
the  same  as  -when  it  crosses  the  curves  A  0,B,  AOpB 
etc.,  the  density  varying  from  point  to  point. 
Also,  the  same  weights  of  fluid  must  cross  the  curves 
AOB  and  AO-{_B  in  a  given  time,  or  else  there  will  be 
an  increase  or  decrease  of  the  weight  of  fluid  con- 
tained within  the  space  enveloped  by  AOBj^O  A,  as 


'■'       *-0u.  .  


■:•'     . 
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time  passes,  a  condition fv/hich  for  steady  flow 

is  impossible.  But,  if  the  v/eight  of  the  fluid 

crossing  AOB  i_s  the  same,  while  the  density  may 

be, 
not  the  same,  as  that  crossing  the  curves  AOB, 

the  volumes  of  fluid  crossing  curves  AOB  and 

A  0]_B  are  not  necessarily  equal. 

25.   Therefore,  in  the  case  of  com- 
pressible fluids,  we  shall  consider  as  flux  across 
AB  the  weight  crossing  the  unit  height  cylindrical 
surface  enveloping  any  curve  connecting  the  points 
A  and  0.   In  the  case  of  incompressible  fluids, 
it  is  immaterial  if  the  volume  instead  of  the  weight 
is  considered,  since  the  density  of  a  liquid  does 
not  vary  from  point  to  point. 

86.   If  we  name  the  flux  of  a  compressible 
fluid  gravitational  or  "g"  flux,  we  may  state  again, 
as  in  the  case  of  incompressible  fluids,  that,  for 
flow  along  hyperbolic  stream  lines  the  "g"  flow 
is  some  function  of  the  hyperbolas;  i.e., 

Y    ilox   -  f 'rxy)  = 


(42a) 

(Compare  with  eq.  8a) 
27.  Furthermore,  in  a  way  similar  to  that 
used  for  deriving  equation  (2a)  to  (3"a)  inclusive, 
it  can  be  shown  that  IB 
-a"     itvK    increase.    -  df    -   fV^<^^  f43a) 


-:jur    J.  t>    4.  i^,t> 


,  ? ., .  j.e-i,eii  I.      •«.iii 


ii'".,.ji(j  \:i^      Ki'^ioL-.'^ci^   00::'. 


t> 
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"g"      {lux      de^crease.   ^  l)i  -   ~  f^^^)^  f44a) 

v/here,     /?  -     D     is  mass  per  unit  volume  or  "volW- 
metric"   density^v/hile  D   is  weight  per  unit  volume 
or  "gravitational"    density.      The   last   tv/o   equa- 
tions can  he  rewritten  as   follows; 

(45a) 

Also,  we  have, 

-    r  F^{-xy)  (47a) 

E8,   The  law  of  centrifugal  force  as 
affecting  pressure  distribution  along  the  line  of 
symmetry,  holds  for  any  fluid,  whether  incompressible 
or  compressible  as  long  as  plane  hyperbolic  stream 
line  exists.  7e  may,  therefore,  still  write, 

rip  _  £)  Y^  (see  eq.  18a) 

The  only  difference  is  the  fact  that  whereas,  for 
incompressible  fluids,  the  density  D  at  any  point 
along  the  line  of  symmetry  of  the  elbow  is  the 


■  >; 


''X 


ffi- 
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same  as  the  average  density  Dj^  in  the  pipe,  for 
corapressihle  fluids  the  density  D  is  a  varlahle. 

29.  It  can,  however,  be  shown  that, 
even  for  compressihle  fluids,  the  variation  of  the 
density,  D,  along  the  line  of  symmetry  is  very  small, 
and  the  value  of  D  at  any  point  along  the  line  of 
symmetry  is  very  close  to  that  of  the  average  density 
Da  in  the  pipe. 

30.  Thus  taking  as  an  illustration  the 
case  of  dry  steam  flowing  at  the  rate  of  100* /sec  at 
100  Ihs.  gauge  pressure,   v/e  note  from  steam  tables 
that  the  average  density  of  the  steam  is  Da  =.257 
Ibs/cu.  ft.   Now,  along  the  line  of,  symmetry^ the 
velocity  v  according  to  equation  f47a)  is  proportional 
tjo  the  radius  vector,  R.(  r  -  R  along  the  line  of 
symmetry).   Therefore,  at  the  origin,  where  R  =0, 
v^,  also,  and  all  the  energ-y  is  in  the  form  of  "pres- 
sure" potential  energy  with  no  kinetic  energy  being 
present.   Calling  the  pressure  at  the  origin  Po,  and 
the  average  pressure  and  average  velocity  in  the 
pipe,  pg_  and  v^,  respectively,  we  may,  in  accordance 
with  the  law  of  conservation  of  energy  v/rite. 


A  -A  ^ 


B^ 


^5  f48a) 

if  the  energy  is  uniformly  distributed  among  all  the 


o.'!^'.rrr».   on        c    ■.t"'?f'+   o\i  '^'^c.'o  -»rr>"*"   p  »    v 


d" .    f  -    '•  'C"  I  Ic    :^ii~i   C'^-    If,   c''"i^''->J-*-    a.f<e.tPi   vt5   It* 


itfiJa    ) 
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stream  lines,    i.e., 

Po   -  Pa  =    ^l   ^      ,ZS1X  ,0P\    ^     ^^    ^/         ^t. 

-  ,  zi 8    lbs.  /sf. ;^ . 

is  the  maximum  excess  of  the  pressure  at  any  point 
along  the  line  of  symmetry  over  the  average  pres- 
sure in  the  pipe. 

31.  But,  according  to  the  steam  tables, 
the  density  variation  per  1  Ihs/  sq.  in.  change  of 
pressure .  around  the  neighhorhood  under  consideration 
±S   only  about  ifo*     Therefore,  the  maximum  possible 
density  along  the  line  of  symmetry  must  be  only 

1  X.  278  =  .  Z78% 
or  negligibly  more  than  the  average  density. 

32.  Similarly,  since  the  usual  pressure 
difference  obtained  between  the  outside  and  inside 
curves  of  the  hyperbolic  elbow  are  between  1  and  2 
inches  of  mercury  or  between  .498  and  .984  Ibs/sq./n. 
^^0   the  average  minimum  possible  pressure  along  the 
line  of  symmetry  must  be  only 

.984  -  .278  -  _  7(?6  I h^    ^-^^Ji^  . 
smaller  than  the  average  pressure  in  the  pipe.   This 
corresponds  to  the  minimum  density  being  of  a 

1  X  .706   »   .706^ 
smaller  value  than  the  average  density  in  the  pipe. 


Cjij    9T... 
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32.  Even  if  the  energy  is  not  uni- 
formly distributed  among  all  stream  lines,  e.g., 
as  in  the  case  of  flow  with  friction,  the  maximum 
value  of  Pq  -  p^  could  not  exceed  .278  Ihs/sq.  in. 
much  more  than  say  100^^.   In  short,  the  maximum 
density  variations  along  the  line  of  symmetry  as 
compared  with  the  average  density  in  the  pipe, 
may,  therefore,  he  neglected. 

55.  Therefore,  if  along  the  line 
of  symmetry  we  neglect  the  variation  of  density, 
we  may  write, 

d£  -     -  0_klf    ^-  ^FRF^     ^       ^ 
dR  Cj    R  J  f49a) 


v;here, 


F  f-xy)  r  1  F'  (-xy)    (Compare  with  eq.SOa) 

54.  By  analyzing  the  pressure  dis- 
trihution  along  the  line  of  symmetry  for  steam  flov/- 
ing  through  an  hyperholic  el"bow,  as  explained  in  the 
paper  proper,  the  expression  for  F  (xy)  can  he  found. 
The  nature  of  the  "F"  function  for  steam  as  well  as 
the  expressions  for  velocity,  v,  pressure,  p,  and 
flow  meter  constant  k  involved  in  the  relation 

Va  z       K/^^h 
are  all  derived  in  the  pa^er  proper  to  which  the 
reader  is  referred  for  details  as  well  as  for  final 
results. 


\  'yv.-  ;        •         u.       z     \ 
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APPEI^IDIX    B 
General  Theory  of  Plane 
Hyperbolic  Stream  Line  Flow 

1.   In  Lamb^s  Hydrodynamics  (P.216 
-  P.  280), the  reader  will  find  that,  for  steady  plane 
fl07/  with  friction  Euler's  general  equations  of  motion 
take  the  following  forms: 


rr.^  -  ^.  '^■ 


/V 


^H^if^^m^B^'^j  (^^^^ 


where 

Yx  -  velocity  component  along  the  x-axis 

Vy  .  =  ^  "        "   "   y-axis 

p  =  pressure  at  any  point  (x,yj 

p   -  volumetric  density  -  D  where 

g 
B  -  gravitational  » 

u.  =  co-efficient  of  viscosity 

/£:  -  "kinematic"  viscosity 

2.   $hese  so  called  "dynamic"  equa- 
tions are  simply  expressing  the  law  of  conservation  of 
energy  in  the  form  of  differential  equations,  stating 

change 

that  the  inf initessimal^of  kinetic  energy  is  "balanced 
by  an  equal  and  opposite  change  of  pressure  potential 
energy  and  by  friction.   These  equations  are  also 
usually  supplemented  by  the  so-called  "kinematical" 


,J 


=  s 


equations  of  continuity  and  of  'boundlifi^  conditions, 

^-  ?^=.  (.B) 

and 

Vx  sin^Vy  cos^  =  0  (5B) 

The  fonner  equation  states  that  the  mass  passing 
through  a  unit  volume  at  any  point  does  not  change 
with  time,  since  the  motion  is  steady.   The  second 
equation  states  that  the  total  volume  of  fluid  cross- 
ing the  boundary  line  is  zero,  (The  direction  of  the 

0 

boundary  makes  an  angle  with  the  x-axis) 

3,  For  incompressible  fluids,  the  equa- 
tion of  continuity  is  simplified  to 

^  ^  M.   =^       (6B) 
since  the  diversity, p,  for  this  case  is  a  constant. 


Also,  since  now 


the  terms 

l/Z^d^         ^     1/3  yC^^        ,  l/Zf^7>2. 

drop  out   from  the  dynamic   equations  and  equation   f3B 
becomes,  ^ 

4,     For  stream  line   flov/,    the   conGep'fcion 
of  flnx,    as  explained  in  Appendix  A,    gives  us  the 
equations, 

[>1^)^    =       ^  (see   eq,   45A) 

/^^^    "    "  I7  fsee   eq.    46A) 


o* 


V 


-3. 


for  coinpressilDle  fluids,  and 

tr;   =  ^      (Seeeq.2"A) 
Vu      =  -|^        ^^®®  eq.3"A) 
for  incompressible  fluids.   The  former  can  by 
differention  be  changed  to 

"1^3^    ^      A1£  (7  B) 

which  when  combined  give, 
H^*^-^-     0  (9B) 

The  last  equation  is  evidently  the  same  as  the 
equation  of  continuity  for  compressible  fluids 
(see  eq.  4  B).  .  In  a  similar  manner,  the  flux 
equations  for  incompressible  fluids  may  be  shown 
to  check  with  their  equation  of  continuity,  as 
given  by  equation  (6  B). 

5,   In  addition,  along  the  boundary 
line,  just  as  along  any  of  the  stream  lines^ 


:^  =  -  tan  ef>  fiOB) 


where  is  the  negative  angle  made  by  the  x-axis  with 


the  tangent  to  the  boundary  or  stream  line  curve 
(see  Fig.  2  of  paper  proper).  The  last  equation  may 
be  rewritten  as^ 


or, 

whicli  is  the  same  as  the  Doundary  equation  (5  B). 

6.  It  is,  therefore,  evident  that  the 
flux  equations  may,  for  stream  line  flow  "be  used 
to  replace  the  kinemetioal  equations  of  continuity 
and  of  "boundary  conditions. 

7,  For  hyperbolic  stream  lines,  it  v/as 

shown  in  Appendix  'A  that, 

S  2 
Flux  =  Ff-xy)  -A-Bxy+cx  y  -  

(see  Eq.  84) 
and 

Vx  =  -  X  F  (-xy)  (See  ea.  27a) 

Yy  =  -  y  F  (-xy)  (See  eq.  28a) 

forv incompressible  fluids.  V/hile  for  compressible 
fluids, 

"g"  flux  =  F  (xy)  =  A^-Bj  x^-  ^^1^"$^   -.... 

and            .  (see  eq.  42^) 

8.  Using  these  expressions  for  the 
velocity  components  in  the  case  of  incompressible 
,  fluids,  the  general  dynamic  equation  for  the  latter 
can  be  simplified  to 


-5. 


X  F^  — J.M-     r  1 

as  shown  in  Appendix  C,  Calculation  details  #1,  if  the 
variation"  of  velocity  v/ith  _Z  is  considered  negligible; 
i.e.  if 

In  the  last  equations,  F^  and  Fg  are  the  first  and 
second  derivatives  of  tho  F  function, 

9.  For  analyzing  the  pressure  distri- 
bution along  the  line  of  symmetry,  we  proceed  as 
follows: 

-dp      =  ^p  dx      t  2>p     3y       (isfe) 
^  r         Zx  '^r  'd^     dr 

Since,  X  =  rcosQ  o^d  y  =  rsme  ^ 

we  get,  ^     ^  cose  anc^  ^    -    ^[^^  ^ 


l>r 


or.  ^J^     -^cose   +   ^  Sine  -  ^  ^    V-    ^  X  - 

From   equation   (11  B   and    flE  B),   we   get  v 

li?    r     -  PX-F^   i-iUL  (^^^  F^^-xr^  F^)     (14  B) 

(7 

Gomhining  the  last   two   equations  with  eq.    (ISB)   we   get. 


e>x 

and 


2 


g  »  ■ 


?rr^   -t^r   .  , 


fl6B) 

10.  Along  the  line  of  symmetry,  0  =  45 
and  cos  2Q  =  Cos  90  =  0;  also  r  -  R. 
Therefore,  the  equation  for  pressure  distrihution 
along  the  line  of  symmetrjr  takes  the  comparatively 
simple  form. 


dE  "   g    R  F^ 


(17B) 
which  is  the  same  as  that  derived  in  Appendix  A  on 
the  basis  of  analyzing  the  effects  of 


:v~^^ 


.7- 


the  centrifugal  forces,  along  the  line  of    symmetry. 

11.  It  may  be  remarked  that,  for 

the  sake  of  completeness,  since  the  expression  for  ^ 

(see  eq.  16  B)  was  derived,  on  the  "basis  of  the 

angle  Q  remaining  constant,  another  expression  for 

AB.        ought  to  be  derived  on  the  "basisof  the 
c>  B 

radius  vector^  r   remaining  constant.   Thus, 

'^p       =  ^E^     i-      '^  ^  (18 'B) 

The  last  equation  can  "be  shown  to  take  the  final 
form^ 

'dp        -  -  2ur^  (F,  -  r  ^^   sin  2©)  (18B) 

(See  Appendix  C  Calculation  Letails  #2) 

12,  By  differentiating  the  expression 
for  ^tP  (efl.l6fi)  with  respect  to  Q  and  the  expres- 
sion  for  'dp    (ea.lB'B)  with  respect  to  R,  we  get 

as  shown  in  appendix  C,  Calculation  Details  #3, 

g^2jjb^F^'f/2F2  sin  20  +  (x^-y^)  F^  cos  2Q|^r 


and 


(19B) 


2^p        -  4ur  F-.  -  SMT^Fp  sin  2Q  -j-^^   sin^20 

(20B) 
from  which 

2  pr    (x^-y^)    FF^+^fcg   sin  2Q  +    (x^-y^)   F^   G0s26js. 

»  =   4^rF^  -  6/<^rT^3in2e^ ^r^F^sin^ae  (2ib) 


\y- 


1M 
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13.  Since  F^  F-j^^  Fg  are  all  functions 
of  -zy,  we  must  eliminate  ^    ^  y      and  0  from  the 
last  equation  in  order  to  find  the  relation  "between 
these  functions  and  (x,y).   First,  however,  we  di- 
vide the  equation  through  hy  and  collect  similar 
functions  together  and  we  get. 

When  r  and  0  are  eliminated  from  the  last  equation, 
as  shown  in  Appendix  0,  calculation  Details  #4,  we 
get, 

2p(K^-i/^JFFi  -4f^F^  -^  l6f^K^r)^^+  ij^       F^f 

^^/(x2ty2)  i)^^'^'')  F^      -  4jiL/K^^f  X'f  F^   ^0   (23B) 

14.  If  Fj  Fl«F2  and  Fg  are  functions  of 
-2y,  the  last  differential  equation  ought  to  con- 
tain only  these  functions  their  derivates  and  f-xy) 
terms  without  any  other  X  and  Y  expressions.   The 
fact  that  this  equation  does  in  addition  contain  the 
terms  (x  fy  )  andhc^-y^)  indicates  that,  theoretically 
for  hyperbolic  stream  lines  extending  for  x  -^n/i   y  =  0 
to  X  =  0  y  apco  plane  stream  line  motion  cannot  exist 
throughout  the  full  lengths  of  the  stream  lines  on 
account  of  the  cumulative  disturbance  of  friction. 
Practically,  however,  due  to  the  comparatively  short 
fractions  of  the  total  hyperbolic  stream  lines  Iv.- 
oluded  in  the  hyperbolic  elbow,  the  cumulative  effect 


^\  - 


:\:*- 


of  ftriction  is  too  small  to  serously  disturb)  the 
plane  stream  line  flow,  as  evidenced  "by  the  small 
difference  between  the  actual  water  flow  meter  co- 
efficients and  the  theoretical  co-efficients  for 
frictionless  flow, 

15.  Attacking  the  same  question  from 
another  point  of  view,  we  find  that 

E 
'axdy       ' 

(See  Appendix  C  Oalcul  Details  -f5) 

16,  As  an  approximation  we  proceed 
as  follows: 

For  X  =   -  y  or  along  the  line  of 
symmetry,  the  last  equation  becomes 

4  F3_  +  8  ilY'^  ^.^-x^F^^O  (26B) 

feet  x^  =  -/y  -  z  ; 
Then  ^ 

=^4Fi(z)  -h   87:F^[z)  -t^Z^F^  [Z.)  - 


.10- 


,V  i3c 

az 


or 

17.  As  shown  in  Appendix  G,  OalGul. 
details  #6,  the  solution  of  the  last  differential 
eq^uation  is, 

F  (z)  -  G^+BiZ^  cosff^^j  ±B^Z^Sm(f 

(28B) 

Therefore,  we  have, 

F  (2^)  -  G-^  +  B^  X  cos  (VF^^XJ  -^  i5,/5/n(\/T^x) 

f29B) 


18,   If  density  variation  were  neglected, 
then  the  equations  for  compressible  fluids  would  he- 
come  the  same  as  those  for  incompressible  fluids.  Y/e 
would  have  then  the  same  expression  for  F  as  that  given 
in  the  last   equation.  But  the  experimentally  found 
value  of  F  in  the  case  of  steam  is. 


F(R^)  -^  /1-.775  cos  (28. 5R  +2.32)  (see  eQ.75)  and 

therefore,  the  experimental  results  satisfy  the  equa- 
tion, 
F(x^)  =  B  /i...775  cos  (28.5  /2x-i.2.52)~  (SOB) 

19.  ^n  inspection  of  and  comparison  he- 


-ll- 


tween  equations  (29B)  and  (30B)  shows  that  both 
of  them  involve  a  periodic  function.  Further- 
more, the  "F"  curve  for  water  can  also  he  made 
to  satisfy  equation  fE9B),  -if  this  "F"  curve  is 
considered  to  he  a  periodic  curve  of  a  much 
larger  amplitude  than  the  one  for  steam. 

20.   The  question  then  arises:   Is 
equation  the  general  rational  e:-:pression  for  the 
"F"  function?   If  so,  what  properties  of  the  fluid 
do  the  constants  Bn ,  and  Bg  depend  upon?   These 
are  some  of  the  important  points  left  yet  for  future 
investigation. 

21. Then  again,  the  question  remains,  as 

to  v/hat  modifications,  if  any,  must  be  made  of  eq. 

fl6B)  for  d£  ,  so  as  to  make  it  applicable  for  cal- 

dr 
culating  pressure  differences  between  any  tv/o 

points  on  the  outside  and  on  the  inside  curves  of  a 

hyperbolic  elbow,  and  not  just  for  the  line  of 

symmetry.   Thus  let  us  suppose  for  instance,  that 

the  equation 

dp    -   -   DrF^  -jJ^r^F^cosZB       (see  eq.l6B) 
dr       g     ' 

is  correct  in  a  general  sense  for  any  values  of  Q,  or 
that  the  integral  of  this  expression  does  not  involve 
any  additional  function  of  Q  as  a  constant  of  integra- 
tion.  Then,  for  the  case  of 

F  (R)  =  G  R"  (see  eq.  37 


(or  eq.  31A) 
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we  have  F  (R^)  ^2^0(-f-V"        ^^^^^ 

Z 
and 

F  (-xy)  =  2^C  C-xyj^"'      f32B) 

The  integration  for  the  expression  for  d£  then  gives 

dr 
the  follov/ing  general  expression  for  the  pressure, p, 

at  any  point: 
^  -p^-  bJt  F^dr    ' ^co3^eJr^F2dr  ^33^^ 

o 

22.  Now  if  we  take  two  points,  say  on  the 
outside  ourve  of  the  hyperholic  elhow,  symmetrically 
situated  with  respect  to  the  line  of  symmetry,  their 
radii  vectors,  r^will  he  the  same  7;hile  their  angles 
with  the  X-axis  will  necessarily  be  0  and  90-Q  .  Then 
the  difference  of  pressure  between  these  two  points 
will  he,  according  to  equation  f33B) 

P-P=  fjL[^cos(2a)i'  COS  zt3o-e}]Jr^F^clf=<      - 

0   90-Q 

:,  ^Ecosf29)  tC05(l80-^^)]j  r'F'^dr  . 

=  ^a/^cos  ze    ^(r)  f34B) 

In  other  words,  the  difference  of  pressure  between 
two  such  symmetrical  points  involves  the  co-efficient 
of  viscosity,  jJi*    of  the  fluid  considered  and  some 
definite  function  of  the  expression  for  F  (-xy). 
If  the  latter  is  known  because  of  experimental  investi- 
gation of  the  pressure  distribution  along  the  line  of 


symmetry  as  e:>iplained  in  the  paper  proper,  the 
value  of   iUL  may  be  found  by  analyzing-  the  pres- 
sure distribution  along  the  external  and  internal 
ourves  of  the  elbow  and  then  using  equation  f34B) 
just  derived.   Thus,  as  shown  in  Appendix  G, 
Calculation  Details  #7,  for  the  case  of 
F  (R)  =  C  R** 


zm-i 


we  get, 

fm  =  £  whore  R^  shortest  radius  vector) 
It 

In  cases  like  steam  or  other  fluids  whose  coeffi- 
cients of  viscosity  are  not  known,  the  above  sug- 
gests an  experimental  method  of  finding  a>l  for 
different  pressures,  temperatures,  qualities,  etc. 
Furthermore,  when  M-  is  known,  e.g.  as  in  the  case 
of  water,  equation  f34B)  suggests  an  eicperimental 
method  of  finding^fr)  and  therefore,  also  ?  (r), 
as  a  check  on  the  line  of  symmetry  method,  or  the 
results  may  disclose  the  actual  law  of  general 
pressure  distribution  which  may  modify  the  general 
expression  for  d£   and  F  and  thus  correct  for  any 
possible  discrepancy  caused  by  the  disturbing 
effect  of  friction.   The  investigation  outlined 
is  the  next  step  the  author  expects  to  take  in 
the  investigation  of  the  properties  of  the  hyper- 
bolic elbow. 


^ 


■  14- 


22,  Finally,  higher  velocities  seem 
to  slightly  increase  the  coefficient  k  of  the  rela- 
tion. 


in  the  case  of  7;ater,  and  to  decrease  this  coefficient, 
in  the  case  of  steam,  suggesting  that,  possihly  the 
relation  between  average  velocity  and  pressure  dif- 
ference is  of  a  form  somewhat  different  than  that 
given  above;  e.g., 

V  =  Gi  /^!    i-  Gg 
so  that : 


K  =_V -.  C^/Zo^   ±_C 


%^      /IfFf 


=  (3.  ± 


^      /^ti  fSOB) 
showing  that  for  the  case  of  t  Gg  as  the  velocity, 
Y,  increases,  the  pressure  difference  head,  H  in- 
creases, and  C decreases  thereby  decreasing  K. 

/2gH" 
Or  again,  it  may  he  that  at  higher  velocities  the 

straightening  and  stream  line  effect  is  not  as  com- 
plete as  in  the  case  of  lower  velocities,  still  in 
the  case  of  steam,  not  only  just  as  good,  but  even 
better  results  were  obtained  for  higher  velocities 
than  for  lower  velocities.   This  unexplained  effect 
of  velocity  upon  the  flow  coe-fficient  is  another 
point  to  be  looked  into. 
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23.   In  short,  even  though,  from  a  purely  practical 
point  of  view,  the  final  aim  of  a  definite  flow 
meter  coefficient  for  a  h^T-perbolic  elhow  has  "been 

successfully  reached,  from  a  scientific  point  of 

t 

view,  it  would  he  very  desirable  to  supplement 

the  data  so  far  secured  hy  additional  data  of  a 
character  which  would  make  the  theorectical 
analysis  of  the  hyperholic  elbow  complete. 
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Vx  =-x  Ff-xy)   -  -X  (^3   '  2C;<y  i-JDx^-^^-..  .) 


vy  =  y  F(-xyJ  -  y  (3  -^cxy  ^  3P>c^^/^- 


JALGUXATIOII  DETAILS  #1 


^^^  --y  ^x        i  ^  =  ^-y^/ 


D7  (T 


fl)    7x      ?7x       t     Vy     "^"y 


=  -;<F/-r-xfyFi(-Ay/j(-  + 


+  y,fFF,  +^F^~/xFF^   = 


F 


2>7x 
1>  X 


?)F 


=   "F  -xl^    =-F  -x(-yFj    =-F-^xyr, 


^  Vx 


^  y 


x^r. 


3v^ 


ylf  -yr-y^J--y^^. 


^      =   r.y^    -F  ^yr^F-^}-F-xyn 


?gi  (-xy)    rr   '^c'^y^ 


-y^^ 


^  1  (- 


SL 


"5     y 


=   -xF. 


Tx 


-J)         x2 


-.-^     ( 


2x 


■^x 


tyPi*yFt   -xy'Fj    =  2yri  -xfF^ 


-^ 

Vx 

'b 

YE 

2 

^ 

Vy 

l 

x2 

m 


^  X 


y 


-ExF-L   f  A^J/  '    2 


(3) 


(4) 


OALOULATION  DSTAILS  #2 
X  -  r  cos  ©,   Y  -   rsin  0 


-   -   rsin  0;        ^^     ^    roos8 

=  -rsin  0       ^P       -f   rcos  0    ^p     -  .  ylA  ^  »..?/? 
^^Q ?)X  Ty  ^^X       ^^y 


^^ 

36 

^s 

-ZQ 

^P 
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»^'=-^|^     +  f(-^^F,+yr^F^) 


f    ^^|       '     -f 


^   ,  _^xF%/^^^yF,  -xr-r,j 
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OALGULATIOHS  DETAILS  #5 
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•A 


V^^^^--  F.^xyJ  -i 


X  =   r   oos  ©    ;  y     =    r  Si  ^ 


^ 


^  e 


r  sin(9  =-y     ;    ^-^  =  ru)5&  -  X 


^^      =  C y^  ^^^  ^  ^-^-^  (x;  =  y  ^-x " 


1)      7)^ 


-^ 


^  .  2/.r,x^-y^rr,   ^ 


f2a)  __^_JL_  =  2yu.  (2rF^    i-r^    ^j- 
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-£p   sin  2©  i^.t-'^Fz^     -f-  Xf  2E 


-di- 


^   r  '   2  C  ^^)     -^  r 


A 


3r 


X  =  r  cos  ©,  y  =  rsine 


'^  X      =  COS  0,       ^y-    -  sma 


1)  r 

^f-xy) 


-  u CDS e   -  X s/n  ^  = 
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DESI5N  AND  T^BT   0?  AIJI  HYPERBOLIC 
ELB017  FLOW  IfETER 
IITTSOLUCTIOIT 


1#  It  has  been  generally  conceded  during 
the  last  decade  that  flow  in  pipes  is  of  a  very  com- 
plicated nature.  Experiments  made  hy  Prof.  Reynolds 
in  England  in  the  early  nineties  of  the  last  century 
have  shown  the  complexity  of  flow  in  even  straight 
smooth  glass  tuhes  of  sizes  ahove  capillary.  He  has 
demonstrated  this  fact  hy  introducing  coloring  matter 
through  a  trumpet  inside  a  glass  tuhe  where  water  was 
flowing.  The  particles  of  coloring  matter  first 
flowed  in  straight  lines  for  short  distances,  hut 
soon  changed  into  curved  paths  the  motion  finally  he- 
coming  turbulent,  and  all  the  water  becoming  colored. 
Photographs  taken  throughout  these  experiments  illus- 
trate nicely  the  change  from  stream  line  to  turbulent 
flow,  7;hen  the  velocity  of  the  water  or  size  of  the 
tube  or  both  exceeded  a  certain  definite  limit.   These 
limits  were  carefully  noted  by  Prof.  Reynolds  and  for- 
mulated.  From  an  engineering  point  of  view  it  is  suf- 
ficient to  remember  that  these  limits  are  generally  ex- 
ceeded for  all  practical  sizes  of  pipes  of  all  ordinary 
velocities.  When  the  comparative  roughness  of  metal 
pipes  and  the  complications  of  couplings,  tees,  ells, 
valves  and  other  fittings  are  considered,  the  complex- 
ity of  flow  in  pipes  may  be  imagined. 

2.  We,  therefore,  conclude  that  for  all 


-2. 


practical  cases  the  motion  in  pipes  is  turbulent, 
the  particles  of  fluid  moving  in  all  three  dimen- 
sions.  The  nature  of  this  motion  is  difficult  of 
exact  determination  and  varies  continuously  with 
change  of  loads,  replacement  of  fittings,  open- 
ingt  or  closing  of  valves,  etc.   It  is  "by  visualiz- 
ing these  terse  facts ^that  one  appreciate^the 
difficulty  of  measuring  flow  in  pipes  and  places 
credence  upon  the  often  repeated  statements  that  the 
so  far  prevailing  methods  of  measuring  flow  by  means 
of  pitot  tubes,  orifices  and  venturi  tubes  are  not 
as  reliable  as  one  may  wish  them  to  be. 

3.  If  it  were  possible  to  arrange  the 
measurement  of  flow  so  that  the  results  would  not  be 
influenced  by  the  nature  of  the  piping,  fittings,  etc, 
of  a  given  installation,  we  should  have  the  first  big 
step  in  the  right  direction.   Thus,  let  us  suppose 
that  we  break  up  the  complex  three  dimensional  motion 
in  the  pipe  and  change  it  for  a  short  distance  into  a 
definitely  known  plane  stream  line  flow.  Evidently, 
if  such  a  predetermined  motion  could  be  successfully 
secured  regardless  of  what  the  motion  in  the  pipe 
originally  was,  and  if  not  until  then  were  the  flow 
to  be  measured,  we  should  naturally  expect  great 
improvement  in  the  reliability  of  results. 

4.  To  accomplish  this  desirable  change,  in 
the  case  of  a  horizontal  length  of  pipe,  for  example 


-3- 


the  motion  in  three  dimensions  is  first  reduced 
to  plane  horizontal  motion  by  eliminating  the 
vertical  velocity  component,  i.e.  "by  'creaking  up 
the  up  and  down  motion.  A  flange  in  front  of  an 
elhow  in  the  pipe  line  is  removed  and  replaced  hy 
a  special  flange  into  which  are  inserted  a  numher 
of  plane  parallel  "grid«"  or  "fins"  made  of  l/3E" 
monel  metal  plates  with  sharpened  edges  facing  the 
flow.   These  "grids"  are  from  5 "to  8"  long  and  are 
placed  in  horizontal  positions  for  the  case  con- 
sidered.  Any  fluid  particles  striking  the  sharp 
edges  of  and  the  grids  proper,  at  an  angle,  have 
their  vertical  motion  "broken  up  and  are  forced  to 

♦he 

move  hetween^horizontal  grids,  although  their 
plane  motion  may  be  very  irregular, 

5.  Nert,  the  plane  motion  is  changed  from 
irregular  to  stream  line  flow  by  introducing  strong 
centrifagal  forces  in  the  form  of  an  hyperbolic 
elbow,  a  tendency  being  created  for  the  fluid  parti- 
cles to  follow  a  definite  stream  line  path, 

6,  Thus,  instead  of  dealing  with  an  unknown 
motion,  we  simplify  the  problem  of  flow  measurement 
by  reducing  the  motion  to  a  definite  and  known  condi- 
tion, which  can  be  easily  analyzed,  and  whose  exist- 
ence can  be  checked  experimentally.   Even  if  stream 


lille  motion  were  only  approached,  it  will  "be  oon~ 
ceded  that  this  method  is  an  appreciable  step  into 
the  right  direction  as  against  taking  the  motion 
at  random  and  assuming  that  the  difference  of  pres- 
sure produced  by  the  indefinite  motion  bears  a 
definite  relation  to  the  average  velocity  in  the 
pipe. 

?•  This  thesis  covers  the  theoretical  and 
experimental  investigation  of  the  properties  of  an 
hyperbolic  elbow  when  used  for  flow  measurements. 
As  will  appear  from  the  results  of  the  tests  on 
water  and  steam,  the  straightening  grids  and  the 
hyperbolic  elbow  actually  produce  a  plane  stream 
line  flov/  through  the  elbow.   This  is  evidenced  by 
the  existence  of  a  definite  pressure  distribution 
along  certain  lines  of  the  elbow  in  exact  agree- 
ment with  a  theoretically  deduced  law.   If  the 
motion  were  turbulent,  the  pressure  distribution 
would  change  for  each  test  and  would  follov/  no 
definite  law  of  any  kind,  not  saying  anyi;hing  about 
its  agreement  with  a  theoretically  deduced  law. 
The  results  of  the  tests  show  that  the  flow  coe- 
fficient, KjOf  the  relation, 
V  «  K/2gT 
bears  a  definite  predeterminable  relation  to  the 
dimensions  of  the  elbow  and  to  the  nature  of  the 
fluid.   The  thesis,  in  addition,  includes  a  brief 


description  of  an  electrical  recording  system 
used  in  conjunction  with  the  hyperholic  elbow 
for  flow  measurement • 

PHYSIO AL  ANALYSIS  OF  PLAI^  STREAM 
LINE  FLOW 

8«  'iThen  the  complex  motion  of  a  fluid 
in  a  pipe  is  reduced  to  plane  stream  line  flow, 
it  hecomes  possible  to  make  a  rational  analysis 
of  the  flow  problem  without  resorting  to  an  em- 
pirical rules,  coefficients,  etc. 

9,  The  practical  engineer  always  de- 
mands a  physical  conception  of  any  problem,  while 
the  mathematical  physicist  prefers  to  attack  the 
problem  from  analytical  point  of  view.   There 
are  certain  cases,  however,  where  the  tv/o  methods 
of  attack  used  jointly  simplify  the  problem  consid- 
erably. The  undeveloped  subjectt  of  hydraulics, 
or  as  the  physicist  calls  it,  hydrodynamics,  would 
gain  much  in  progress,  if  the  engineer  and  mathe- 
matical physicist  joined  hands  in  attacking  this 
difficult  problem.   For  this  reason,  the  writer 
has  taken  the  liberty  of  giving  in  the  appendices 
an  analytical  solution  of  the  problem  here  con- 
sidered, retaining  its  physical  explanation  in  the 
paper  proper. 

10.  The  problem  is: 

Given  a  hyperbolic  elbow  of  known  di- 


mensions  with  a  known  fluid  flowing  through  the 
elhow  in  plane  hyperbolic  stream  lines.  Find 
the  variation  of  pressure  on  the  outside  and  in- 
side curves  Ai    and  Bx     of  the  elhow,  (See 

Fig.  1),  Find  the  variation  of  velocity  from 
point  to  point  along  the  plane  of  symmetry  ABCD, 
i.e.,  the  plane  cutting  the  elbow  into  two  sym- 
metrical halves.  Finally,  if  the  difference  of 
pressure  between  any  two  points  on  the  outside 
and  the  inside  curves  are  known,  what  is  the 
relation  of  the  known  pressure  difference  to  the 
average  velocity  of  the  fluid  passing  through  the 
elbow» 

11«  The  solution  of  this  problem  is  based 
upon  two  well  known  principles,  viz., 

(1)  The  law  of  conservation  of  energy. 

(2)  The  law  of  centrifugal  force. 

Thus,  when  a  mass  of  fluid,  weighing  W  lbs, 

is  moving  with  a  velocity  of  v  ft. /sec,  it  has 

W    v^  ft. -lbs. 

of  kinetic  energy.   If  this  mass  happens  to  occupy 

one  cubic  foot,  £  is  the  density  of  the  fluid,  and 

we  may  write: 

p 
1  ou.  ft.  contains  W   v  ft. -lbs.  of 

energy. 


-s. 


13.     Similarly,  if  this  same  cutic  foot  is 
under  a  pressure  of  P  lbs. /sq.ft.,  it  has  what 
may  be  designated  as  pressure  potential  energy. 
i.e.,  energy  of  the  same  nature  as  that  possessed 
by  a  compressed  spring.   The  energy  for  V  cubic 
feet  amounts  to  PY  ft.  -lbs.,  and  for  one  cubic 
foot,  it  is  evidently  equal  to  P  ft. -lbs.  We  may, 
therefore,  write; 

1  cu.ft.  contains  P  ft. -lbs.  of  energy. 

14.  The  total  energy,  E,  possessed  by  this 

cubic  foot  of  fluid  is,  therefore, 

E  -  Wv^ 

"  -^  +  P   (1) 

The  fluid  may  also  have  a  variable  potential  energy 
of  position  if  it  moves  between  points  at  different 
levels.   But  if  the  motion  is  horizontal,  this  par- 
ticular kind  of  energy  remains  constant  and  need  not, 
therefore,  be  considered. 

15.  Now,  let  us  consider  a  particle  of  fluid 
moving  in  stream  lines  without  losing  any  energy  by 
friction,  or  rather  without  changing  any  of  its 
mechanical  energy  into  heat  energy.  Then,  the  law 

of  conservation  of  energy  states,  that  the  total 
energy  of  each  cubic  foot  of  the  fluid  does  not 
change,  as  the  particle  moves  along  the  stream  line, 
i.e.. 
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2  *^ 

W  V      4-    P  -  W  V    ^  P.      (2) 

2  g  Fi- 


le. Again,  when  a  particle  of  fluid  moves 

with  a  velocity  of  v  ft •/sec.  along  a  curved  stream 

line  at  a  point  v;here  the  radius  of  curvature  is  r 

ft.,  a  centrifugal  force, 

f  =  \l_x  l"bs-   fS) 

g  r 

will  act  on  each  cuhic  foot  of  fluid  tending  to 
force  it  to  maintain  its  original  direction  of  motion. 
Also,  an  equal  centripetal  force  will  have  to  be  ap- 
plied to  the  particle  to  oppose  the  centrifugal  force 
and  thus  to  make  it  possible  for  the  particle  to  make 
the  proper  change  in  direction  and  to  follow  the  cur- 
ved line  stream  line.   This  opposing  centripetal  force 
is  produced  by  variation  of  pressure  along  the  normal 
to  the  stream  line  curve,  the  final  pressure  distri- 
bution being  affected  by  the  curvature  of  the  wall 
or  other  restriction  creating  the  curved  motion. 

17.   Imagine  now  two  parallel  straight  stream 
lines  very  close  to  each  other,  and  in  which  the  pres- 
sures and  velocities  of  neighboring  points  of  the  two 
curves  are  equal.  Now,  if,  at  some  point,  the  stream 
lines  are  suddenly  bent  into  some  curved  shape,  then, 
as  shown  in  appendix  A,  there  will  have  to  occur  a 
change  in  pressure  along  the  common  normal,  r,  of  the 
two  curves  such  that 
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2 

dp    z     P  V 

d.r     "  g  r  (4) 

i.e.,  the  pressure  variation  will  have  to  exactly 
balance  the  centrifugal  force  (compare  equations 
S  and  4)  and  will  have  to  he  equal  and  opposite  to 
that  force. 

18,  But,  when  the  pressures,  after  orig- 
inally having  been  equal  change,  then,  since  ac- 
cording to  the  law  of  conservation  of  energy, 

w  ,         w  s 

v^    ^  P       Vg  ^Pg  (  see   eq.  2) 

it  is  evident  that  the  velocities,  V]_  and  vg  must 
change  also.  And,  when  the  velocity  v  at  any  point 
ohanges  the  centrifugal  force, 
f  -  D  V  ^ 


g  r  (See  eq.  3) 

must  also  change.   The  change  of  centrifugal  force 
in  turn  requires  a  change  in  pressure  distribution 
(see  eq.  4)  and  this  in  turn  requires  a  change  in 
velocity  (see  eq.  2),  etc., 

19.   The  point  which  it  is  desired  to  bring 
out  is  that  pressure,  velocity  and  centrifugal  force 
are  interlinked  and  that  certain  conditions  must  be 
satisfied  before  stream  line  motion  can  be  established 
and  maintained  in  equilibrium.   It  is  conceivable 
to  choose  such  a  path  that  it  would  be  impossible 
to  satisfy  the  relation  between  pressure,  velocity 


1«)? 
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and  centrifugal  force,  and,  as  a  result,  the  parti- 
cles would  not  move  in  stream  lines  but  would  have  a 
swirling  motion  instead, 

20.  It  can  he  shown  analytically, (see 
Lamt's  Hydrodynamics  p.  69-70)  that  in  order  to  main- 
tain plane  stream  line  frictionless  flow,  the  cur- 
ved path  must  fall  within  a  certain  class  of  curves, 
whose  general  equation  in  polar  co-ordinated  is  of 

the  form,   — 

r   sin  n«   =  constant      (5) 

21.  For  n  2  1  and  n  =  2,  this  equation 
takes  the  forms, 

rsinO    =  constant        (6) 
r  sinS©  =  constant        (7) 
and  in  rectang^ular  co-ordinates, 

J  -  constant   (7a) 

r^sin^©  -   Ersinercos  ©  or 

xy  =  Ci  (7a) 

22.  The  first  curve  is  a  straight  line, 
while  the  second  curve  is  a  rectangular  hyperbola. 
Evidently,  a  circle  v/ill  not  satisfy  the  conditions 
required  by  equation  (5).   That  is  the  reason  why  a 
hgrperbolic  and  not  a  circular  elbow  was  chosen  for 
flow  measurement.   Since  the  Sargent  Steam  Meter  Co., 
the  owners  of  the  hyperbolic  elbow  rights,  are  also 
in  control  of  Avid  Levine^s  circular  elbow  (for  des- 
cription see  Proc.  A.S.M.E.,  April  1914),  the  choice 
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is  caused  for  purely  scientific  and  not  commercial 
reasons. 

25,  Without  going  into  the  details  found 
in  the  appendices,  it  may  he  remarked  that  if  a 
particle  of  fluid  moves  tangent  to  any  curved  path, 
i.e.,  along  this  path,  its  velocity  components  along 
the  X-axis  and  the  y-axis  must  bear  such  relation 
to  each  other  that  the  direction  of  the  resultant 
velocity  should  he  tangent  to  the  curved  stream  line, 
Therefore, if  we  note  the  fact  that  the  tangent  of 
the  angle  made  hy  the  tangent  to  any  point  of  a 
rectangular  hyperbola, 

^    =  °^ 

can  he  expressed  by, 

tan  ©  z  d2;   =  "Z     C^^) 

it  will  appear  somewhat  clearer  why  the  x  and  ^ 
velocity  components  can  be  expressed  by, 


Vx  =  -  B^ 

(9) 

Vy   =     By 

(10) 

Thus,  from  Fig. 2, 

and  from  the  last  equarions. 

tan  e  -  v^  =  -  Z 

(11) 

Which  agrees  with  e(i#8,  show- 
ing that  the  resultant  velocity. 


T 
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T,  is  tangent  to  the  curve  as  it 
should.  This  resultant  velocity 
may  evidently  he  expressed  hy: 


Z  ^f^~l        7 


■z  Br.  (12) 

The  formulae  for  the  velocities  are  hased  upon 
the  stream  lines  heing  composed  of  a  family  of 
rectangular  hyperbolas  of  the  general  form 

xy  =  C 
the  value  of  the  constant  ©for  each  hyperbola 
depending  upon  its  shortest  radius  vector,  R. 
In  fact, 

C  =  -R^  (15) 

for  each  hyperbola. 

24.   It  is  shown  in  the  appendices  that 
for  frictionless  flow,  the  difference  of  pressure 
between  any  tv/o  points  whose  radii  vectors  are 
rx  and  t^   respectively,  (see  Fig.l),  can  be  ex- 
pressed by 

^1-^2   -       ^      ^^2  -  ^1  ^^  ^^^^ 
2g 

D  -2  density  of  the   fluid,    Ibs./cu.ft. 

B   =  constant    (same  as   in  eq.9,10  &   12) 


•14. 
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25.  Furthermore,  in  any  horizontal  plane, 
say  A,  AAp  -  Bg  BB-j^  (see  Fig.D^all  the  fluid,  parti- 
cles must  cross  the  line  of  symmetry  OABO-j_.  Also, 
the  direction  of  flow  of  these  particles  when  cross- 
ing the  line  OABO-j_  mast  he  along  the  tangents  to  the 
family  of  hyperbolas  at  their  points  of  intersection 
with  the  line  OABO-j_  •  Since  at  these  point s,3:  --y, 
we  have, 

tan  9  =  X  "  X         (see  8) 
or  all  these  tangents  and  therefore,  also  the  velo- 
cities are  perpendicular  to  the  line  0AB03_. 
(e  =  45°;  angle  JCOAgr  45°;  or  angle  ZOBB^  =90° ) . 
Thus  in  Fig.  1,  the  tangent  TA  to  the  outside  hy- 
perhola  A^  AAg  is  parallel  to  the  line  02,  and 
therefore,  is  perpendicular  to  the  line  of  symme- 
try OABO;|^.   The  same  is  true  for  the  rest  of  the 
hyperholas* 

26,  Now  the  velocity  at  any  point  along 
the  line  of  symmetry  can  be  expressed  by 

V  =s  BR  (see  eq.lO) 
or  is  proportional  to  the  shortest  radius  vector, 
R,  of  any  hyperbola  considered.  Therefore,  it  is 
evident  that  the  average  velocity  is  the  arithme- 
tical mean  of  the  maximum  and  the  minimum  veloci- 
ties at  the  internal  and  external  hyperbolas  re- 
spectively; i.e.. 
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•       g (15) 

(See  Fig*  1) 

27,  (Hie  vertioal  orose-section  of  the 

hyperbolic  elbow  is  made  reotaiigular  instead  of 

circular  aBd  of  uniform  deptli  BO  s  h   (See  Fig  1.)^ 

the  object  being  to  avoid  the  complications  of 

variable  horizontal  cross-sections  and  to  aid  the 

uniformity  of  flow  in  the  different  horisontal 

planes  of  the  elbow*  There f or c>  for  frietionless 
the  eyera.ge 

flo?7,^veloeity  through  the  line  of  symmetry  OABOn 

Is  the  same  as  that  through  the  plane  of  synanetry, 
ABOD  .  its  value  being  given  in  eq*16* 

28*  Rewriting  expressions  for  pressure 
difference  and  average  velocity,  viz*, 

^1-  i-2*  ^       fr£^  -  rj^S)  ^3eQ  eq.l4) 
and 

"2  (See  eq.lS) 

we  note  that  oaoh  of  thera  involves  the  unknown  con- 
stant B*  From  the  last  equation  (15)  it  is  evident 
that  this  constant  is  proportional  to  the  average 
velocity  and  •fehereforo,  also  to  the  rate  of  flow. 
From  equation  (14)  it  ie   evident  that  the  difference 
of  pressure  is  proportional  to  the  square  of  the 
constant  B  ^md  therefore,  to  the  square  of  the  rate 
of  flow. 
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That  is  the  reason  why  in  the  case  of  the  hyper- 
bolic elbow,  as  in  the  case  of  other  flow  mater- 
ing  devices,  the  average  velocity  or  rate  of 
flow  is  proportional  to  the  square  foot  of  the 
difference  of  pressure  between  shy  two  points 
on  the  external  and  internal  curves  of  the  elbow, 

E9.  Mathematically,  it  is  easily  shown  that. 


^j^^ 


(see  Appendix  A) 


where. 


(16) 


(17) 


and  depends  for  its  value  upon  the  dimensions  ^.Rg 


of  the  elbow,  and  upon  the  points  r2_,r2  where  the 

pressure  connections  are  made.  For  the  special  c^se, 
when  pressure  connections  are  made  at  the  center  where, 

^1  =  ^  and  rg  =  Eg. 
the  constant  K  becomes 


p  + 


\ 
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The  simplicity  and  definiteness  of  the  relation 
between  average  velocity  and  pressure  difference 
as  shown  in  equation  fl6),  maire  the  rectangular 
hyperbolic  elhow  admirahly  suited  for  flow  meas- 
urement • 

30.  In  the  case  ox*  flow  with  friction,  it 
can  he  shown  that  instead  of  the  velocity  helng 
directly  proportional  to  the  radius  vector,  as 
given  "by, 

V  s  Br  (eq.l2) 

the  velocity,  for  any  given  radius  vector,  r, 

varies  as  we  pass  on  from  one  stream  line  to 

another,  i,  e.,  v  is  a  function  of  the  stream 

line  as  well  as  of  the  radius  vector  r^  Thus, 

we  may  write       -p 

V  z  r  ^1  (-xy) 

=  r    (R)  (19) 

where  R  is  a  characteristic  of  any  hyperbola 
(see  eq.  13),  being  its  shortest  radius  vector, 

31.  The  same  unknown  function,  F  (R), 
is  involved  in  the  equations  for  the  pressure, 
pat  any  point.  Because  of  the  difficulty,  if 
not  the  impossibility  of  solving  the  differen- 
tial equations  of  motion  in  the  new  form  they 
take  for  flow  with  friotionj(see  their  form  in 
the  Appendix  B)  the  experimental  engineer  steps 
in  where  the  mathematical  physicist  leaves  off 
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and  discovers  the  fact  that  the  unknown  function, 
F  (R),  happens  to  "be  involved  in  the  expression  for 
pressure  distribution  along  the  line  of  symmetry, 
X  -  -  y»   Thus,  as  shown  in  the  appendix,  the  fol- 
lowing equation  holds  for  the  line  of  symmetry, 

d£     r  -  D    RF^    (EO) 
dr        g 

32,  Therefore,  hy  experimentally  finding  the 
pressures,  at  different  points  of  the  line  of  sym- 
metry X  -z   -y,  the  pressure  distribution  curve  for 
this  line  may  be  plotted,  and  we  then  get  the  curve, 

p  =  f  (R)  (21) 

For  frictionless  flow, the  pressure  distribution 
curve  is  a  parabola  or  a  curve  of  the  second  degree, 

and  its  first  derivative,  dp  is  a  straight  line  or 

dr 
proportional  to  the  radius  vector^R,  Thus,  as  shown 

in  the  Appendix  A  , 

P     =  Po   -     M       ^R^  (22) 

2  g 
and 

dp         -  -  pbJr 


ti 


=    -  DRB^     --PRF^  (23) 


?  5 

10  J  whi( '      " 


(compare  with  eq  20 J  which  shows  that  for  fric- 
tionless flow, 

F  r  B  (24) 

Therefore,  if  values  of  F  were  plotted  against 
those  of  radii  vectors,  R,  we  should  get  for 


•^    '=\Q 
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friotionless  flow  a  straight  horizontal  line. 
If  the  same  were  done  from  the  actual  experi- 
mental data  as  given  "by  the  pressure  distri- 
hution  curve,  the  nature  of  the  F  curve  would 
indicate  the  extent  of  deviation  of  the  actual 
flow  from  frictionless,  flow.  For  example, 
from  the  results  on  water  flowing  through  a  3" 
pipe,  it  was  found  that  the  actual  F  curve  is 
a  straight  inclined  line;  i.e., 

F  =  B   (1  +  AiR)       (25) 
33.   After  the  nature  of  the  F  curve  is 
once  found  experimentally,  the  expressions  for 
velocity  and  pressure  can  at  oneehe  written  down. 
Thus,  along  the  line  of  sjnnmetry, 

V  -  RF  =  RB   (1  +  A3_B) 

^1^ 
and  from  eq.  (20) , 


B  (R  +  AtR^)       (26 


^  9 
=  Po-  .^JRB'(i^A,F<f 

^  (27) 

(for  exact  form  and  details) 
(see  Appendix  A  ) 

Similarly,  the  average  velocity  is  found  to  he. 


V 

a 
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-  B©    (R^,    Eg)  (28) 

and  the  difference   of  pressure  "between  the   centers 
of  the   external   and   internal   curves  'becoiTies, 

Pl-Pg  =       A  [f   fgg)    -   f   fRi)J       (29) 

34,  Comparing  the  last  expressions  for  aver- 
age velocity  and  pressure  difference  with  those  for 
friction-less  flow  (see  eq.  14  and  15)  we  note  that, 
as  before,  B  is  proportional  to  the  average  velocity 
or  rate  of  flow,  while  the  pressure  difference  is 
proportional  to  the  square  of  B,  or  to  the  square 
of  the  average  velocity.  The  only  difference  is 
the  nature  of  the  functions  of  R  involved  in  the 
expressions  for  flow  with  friction.   Similarly,  the 
relation  "between  the  average  velocity  and  pressure 
difference  tot   flow  with  friction  takes  the  form. 


=    _____  (30) 

K/  2^H 

where,  as  before,  K  is  a  function  of  the  dimensions 
Rq^  and  Rg  of  the  hyperbolic  elbov;.  Only  the  func- 
tion in  this  case  is  of  higher  order  than  the  com- 
paratively simpler  one  for  flow  without^ friction 
(compare  with  eq.l6). 
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36.  We  summarize  the  physical  analysis  of 
plane  stream  line  flow  "by  stating  that  the  appli- 
cation of  the  law  of  conservation  of  energy  and  of 
the  law  of  centrifugal  force  to  plane  hyperholic 
stream  flow  yields  the  following  results: 
For  frictionless  flow: 

"^x  =  "-^^  ^^®®  eq.9) 

Vy  =  By  (   "   "  10) 

V   z  Br  (   "   u  3^2) 

Va  =   0    (/=?i-^/^^J   (see  eg,  15) 


p  =   D   -  PB    r>^       (see  eq.  23) 

<J 


/    Zo  H 


(see  eq,16) 


% 


(see   eq.    18 

for  r^  s  R^^  and 

^E 

=  ^2! 

F  =     B 

For  flow  with  : 

eri 

ction. 

▼x         =    -xF 

Ty       -^r-      yF 

V           -       rF 

(see   eq.l9) 

g 

(set     ut.  2.6) 

23. 


T^       -   B©      (R-j_,R2) 


P1-P2   -  2_L   ff  ffi^) --i^C^lsee  eq.29 


/      2~p   Tsee  eq.SO) 


F^   B  fl  +A^^  +  A2  R  + 


EXPERIMEM'IAL  DETERIVIINATIOU  OF  THE  F. CURVE  FROM 
THE  PRESSURE  DISTRIBUTION  CURVE 

APPARATUS  AND  ITS  USE 


36.  A  three  inch  long  sweep  elhow  and  the  ad- 
joining flanges  were  removed  from' a  3"  water  line  at 
Armour  Institute  of  Technology  and  replaced  by  the 
hyperholic  elhow  with  special  pipe  flang-es  shown  in 
Figures  3  and  4. 
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Fig.  3 


PLAN  YIEW  OF  A  3"  HYPERBOLIC  ELBOW 
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FIGURE  4. 
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REAR  VIEW  OF  A  3"  HYPERBOLIC  ELBOV/  LOOKING 
FROM  THE  BACK 

Into  the  flange,  facing  the  flow,  were  inserted  a 
number  of  sharp  edged,  plane  grids  as  shown  in  Pig. 
4.  All  along  the  outer  and  inner  curve  a  numher 
of  openings  were  made,  each  fitted  with  an  exten- 
sion screw.  \Th.en   the  pressure  at  any  point  say  1, 
on  the  outer  curve,  was  to  he  compared  with  that 
of  any  point,  say  26,  on  the  inner  curve ^ the  ex- 
tension screws  were  taken  out  from  openings  1  &  26 
and  replaced  hy  ordinary  screws  without  any  exten- 
sions. .  This  caused  the  pressures  in  the  outside 
and  inside  cores  to  correspond  with  those  at  points 
1  and  _26^  respectively,  and  the  pressure  difference 
between  these  two  points  was  transmitted  to  and 
read  off  on  a  manometer. 

37.   Similar  openings  were  fitted  with  simi- 
lar screws  on  the  top  of  the  elbow  along  the  line  of 
symmetry.   The  top  core  (see  Fig  4)  was  made  so  that 
it  could  be  connected  to  either  the  inner, or  outer 
core.   The  numbering  of  the  openings  is  illustrated 
in  Fig  3  and  has  been  followed  throughout  the  in- 
vestigation.  In  this  particular  test,  only  the 
pressure  distribution  along  the  line  of  symmetry  and 
the  main  coefficients  were  investigated  for  both 
water  and  steam,  the  analysis  of  pressure  distri- 
bution along  the  external  and  internal  curves  having 
been  left  for  a  future  date. 


-27- 
FIGURS  5 


PHOTOGRAPH  OP  A  3"  HYPERBOLIC  ELBOF/  LOOKING 
AT  'THE  :^0P. 
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FIGURE      6. 


A*      » 


PHOTOGRAPH  OF  A  3"  HYPERBOLIC   ELBOV.' 
LOOKING  AT  ELBOW  ELMGE. 
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36.  Figures  5  and  6  are  photograplis  of  the 
three  inch  hyperholic  elhow  used  in  this  investi- 
gation.  In  Fig.  5  are  shown  the  projecting  fit- 
tings which  are  used  for  connecting  the  inner  and 
outer  cores  of  the  elhow  to  the  two  sides  of  a 
manometer;  it  will  he  noted  that  nothing  is  insert- 
ed or  projected  into  the  stream  of  water,  proper, 
all  disturhances  which  may  unduly  influence  the 
plane  stream  line  flow  being  avoided.   Fig.  5 
illustrates  the  rectang-ularity  of  the  vertical 
cross  section  inside  the  elhow.   Fig.  7  is  a 
photograph  of  the  grids  and  the  housing  for  the 
grids.   As  shown  in  Fig. 3,  the  grids  and  housing 

a. 

are   fitted  into^special   flange  which  replaces  the 
original  flange,    facing  the   flow. 
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) 


( 


PHOTOGAPH  OF  GRIDS  AlE)   GRIDS  HOUSING 
A3"  HYPERBOLIC  ELBOW 
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38«   The  m«lnometer  used  in  these  experiments 
is  shown  connected  to  the  hyperholic  elhow  in  Fig. 
8.  The  fittings  and  valve  shown  in  the  upper  left 
hand  corner  of  the  photograph  connects  the  top  core 
along  the  line  of  syiranetry  of  the  ellDOw  with  the 
left  side  of  the  manometer.   Thus,  if  the  pressure 
at  any  point  along  the  line  of  symmetry,  such  as 
31,32,33,34,  etc.,  (see  Fig.  3)  was  to  "be  compared 
with  the  pressure  at  the  center  of  the  inner  hyper- 
tola,  via.,  at  2^, then,  (l)  the  extension  screws 
were  taken  out  from  point  _26  as  well  as  from  the 
particular  point  on  the  top  of  the  elhow^say  31^  for 
which  pressure  comparisons  were  to  "be  made.  All 
other  points  were  kept  plugged  up  hy  keeping-  their 
extension  screws  in  place  tight.  (2)  The  globe 
valve  previously  mentioned  and  shown  in  the  upper 
left  hand  corner  of  Fig.  8  was  opened.  (3)  Finally, 
the  two  manometer  valves  were  opened.   The  pressure 
on  the  left  side  of  the  manometer  corresponded  then 

of 

to  that^point  31,  while  the  pressure  on  the  right 
side  of  the  manometer  corresponded  to  that  at  point 
26. 

40.  If  the  pressure  at  any  point  on  the  outer 
curve  was  to  "be  compared  with  that  on  the  inner  curve, 
the  extension  screws  from  the  two  desired  points  were 


FIGURE  8. 


PHOTOGRAPa 
OF 

MAHOIvIETER  COHEECTED   TO    THE 

HYPERBOLIC  ELBOW 


taken  out,  and  the  glolDe  valve  in  the  upper  left 
hand  oorner  was  closed.  As  a  result,  the  pres- 
sure of  the  outer  core  instead  of  that  in  the  top 
core  was  transmitted  to  the  left  side  of  the  mano~ 
meter.   In  this  investigation  only  point  6_  (See 
Fig,  3)  of  the  outer  curve  was  compared  with  point 
£6  of  the  inner  curve.  All  pressures  along  the 
line  of  symmetry  were  compared  with  the  pressure 
at  point  26  as  a  reference. 

41.  To  magnify  the  manometer  readings,  while 

testing  the  hyperbolic  eltow  for  flow  of  water,  a 

special  oil,  heavier  than  vmter,  (S. P. =1.25)  was 

used  instead  of  mercury.   The  sensitivity  was 

thereby  increased  15,6  -  1    50.4  times.   Since 

1.25  -  1  = 
the  length  of  the  manometer  was  about  15",  it 

was  possible  to  use  this  unusual  sensitivity  only 
for  moderate  velocities  of  water  up  to  about  3^ /sec. 
For  higher  velocities^this  oil  was  replaced  by 
acetylene  tetrachloride  ,  (S.p,«l. 59)  whose  sensi- 
tivity was  only  13,6-1  =  21.4  times  that  of  mercury. 
1.59-1 

42,  Fig.  9  shows  a  photograph  of  the  mano- 
meter, the  elbow  and  a  large  portion  of  the  piping 
through  which  the  water  was  flowing.   An  inspection 
of  the  numerous  fittings  such  as  ells,  tees,  flanges 
reducer  from  2  l/2"  to  3",  valves  etc.,  as  well  as 
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of  the  unusual  numlDer  of  90°  turns  (7  of  them) 
in  such  a  comparatively  small  space  shows  that 
for  producing  complex  flow  the  nature  of  the 
piping  in  this  case  was  most  favorahle.   Still 
the  hyperholic  elhow  with  its  straightening 
grids  hraved  to  take  a  position  right  in  the 
midst  of  the  maze  of  fittings  and  piping  with 
results,  which,  as  will  appear  later,  are,  to 
say  the  least,  gratifying. 

43,   The  longest  pipe  in  Fig  9.  extending 
from  the  right  flange  of  the  elhow  way  to  the 
extreme  right  of  the  picture,  has  a  tee  at  ahout 
its  middle.   This  tee  connects  with  another  3" 
pipe  leading  off,  at  right  angles  to  the  first 
pipe,  to  an  ell.  Another  pipe  leads  down  through 
a  valve  into  a  weir  (see  Fig  10),  the  latter  over- 
flowing into  either  one  of  t7;o  weighing  tanks, 
shown  in  Fig.  10.  Between  the  two  weighing  tanks 
is  pivoted  a  reversing  pan,  the  bottom  of  which 
is  V  -shaped,  with  the  point  of  the  v  at  the 
pivot,  and  the  sides  of  the  v  making  an  angle  of 
ahout  1E0°  with  each  other.  Because  of  this  re- 
versing pan,  it  was  possible  to  open  the  valve 
until  a  desired  manometer  reading  was  secured, 
the  water  being  allowed  to  flow  into  one  of  the 
weighing  tanks,  whose  discharge  gate  was  left 
open. 


PHOTOG-RAPH 
OF 

MAN01iIETEE,ELB0^  MD   PIPIIIG 

FOR 
MEASURING  FLOW  OF  V/ATER. 


FICtUEE  10. 


PHO TOGRAPH  OF  17EIG-HINQ   TA13ZS. 
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Meanwhile,  the  second  tank  was  "being  weighed 
empty,  and  as  soon  as  the  flow  was  decided  to 
he  satisfactory  enough,  the  gate  of  the  second 
tank  was  closed,  the  pan  was  reversed,  and  the 
stop  watch  was  started  going,  the  water  "begin- 
ning to  fill  the  weighed  tank.  When  the  flow 
happened  to  he  so  rapid  that  the  second  weigh- 
ing tank  was  filled  in  too  short  a  period  of 
time,  then  after  the  first  tank  was  weighed  and 
its  gate  closed,  the  pan  was  reversed  again, 
causing  the  water  to  flow  into  the  first  tank; 
meanwhile,  the  second  tank  was  weighed  while 
full,  then  emptied,  an  after  the  desired  length 
of  time  passed,  the  pan  was  again  reversed  into 
the  second  tank,  while  the  first  was  being  weighed. 
The  sum  of  the  two  net  weights  then  corresponded 
to  the  total  discharge  for  the  period  of  time 
chosen, 

44,  In  the  case  of  steam,  the  weighing  was 
done  after  the  steam  was  first  condensed  in  a 
surface  condenser  and  then  emptied  into  a  weighing 
tank,  whose  original  weight  was  predetermined, 

45,  An  inclined  mercury  manometer  in  addition 
to  the  manometer  previously  mentioned  was  used  dur- 
ing the  steam  tests.   This  manometer  had  an  inclina- 
tion of  10*^  and  was  ahout  15*  long.   It  has  not 
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been  finished  until  after  the  water  tests  were 
completed,  and  was,  therefore,  used  for  the 
steam  tests  alone.  An  l/8"  "bore  inclined  glass 
tube  was  used  for  the  manometer,  the  other  side 
consisting  of  a  2"  nipple.   The  ratio  of  areas 
was,  therefore, 

(E:l/8)^  s  16^  -  £56,  or  the  read- 
ings of  the  inclined  manometer  would  have  "been 
multiplied  by 

1  +  1/E56  =  1.0039  to  find  the 
actual  difference  of  pressure.   The  correction 
is  only  between  l/3^  and  l/2^  and  may  for  most 
practical  purposes  be  neglected.   The  manometer 
could  be  read  to  l/l6"  along  the  inclined  scale 
which  corresponded  to  l/l6  x  .173  =  .0108"  or 
about  l/lOO"  of  mercury  head,  since  sine  10°  - 
.173. 

46.  For  the  flow  of  steam,  in  addition  to 
the  apparatus  described,  a  pressure  gauge  and  a 
throttling  calorimeter  were  used. 

DETAILS  OF  TEST 

47.  In  Fig. 3  can  be  seen  the  spacing  of 
the  hyperbolic  elbow  openings  and  the  system  of 
their  numbering.   As  mentioned  previously  this 
investigation  was  limited  to  pressure  distribu- 
tion along  the  line  of  symmetry,  and  pressure 
readings  were  taken  only  at  the  follov/ing  points: 
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6,  31,  32,   33.   34,   26, 
All  pressures  were  oompared  with  that  at  point  26, 
Because  of  certain  douhts  regarding  the  exact  loca- 
tion of  point  35,  the  latter  point  was  not  investi- 
gated* 

48.  For  -Ha  flow  measurement,  the  differ- 
ence of  pressure  "between  points  26  &  6  is  most 
commonly  taken.  For  this  reason,  special  attention 
was  paid  to  comparing  the  pressure  at  point  6^  with 
that  at  point  26,  the  numher  of  readings  taken  for 
this  comhination  being  far  in  excess  of  that  taken 
for  other  points. 

49.  In  starting  any  ran  for  measuring  flow, 
particular  attention  was  paid  to  insure  the  absence 
of  any  air  "bubbles  in  the  manometer  or  its  fittings. 
To  accomplish  this  result,  the  city  water  or  high 
pressure  water  from  a  turbine,  as  the  case  may  have 
been,  v;as  turned  on  while  the  valve  at  the  weir  was 
kept  open.   After  the  surging  action  due  to  air  in 
the  piping,  was  not  noticeable  any  more,  and  the 
flow  was  comparatively  steady,  the  valve  at  the 
weir  was  closed  leaving  the  piping  filled  with 
water.   Then  the  two  plugs  on  the  top  and  the  two 
plugs  on  the  bottom  of  the  manometer  were  removed, 
and  the  manometer  valves  were  opened,  (see  Fig.  8) 
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Th  e  water  in  the  piping  now  "began  to  flow  through 
the  manometer  fittings  and  the  manometer  glass 
tuhes  finally  escaping  through  the  bottom  openings 
of  the  manometer.  Since  the  water  supply  valve 
was  still  open,  any  water  escaping  from  the  piping 
was  immediately  replaced,  leaving  no  chance  for  air 
to  get  entrained  in  the  piping.  After  the  manometer 
fittings  and  the  manometer  glass  tubes  were  suf- 
ficiently flushed,  the  two  valves  of  the  manometer 
were  closed,  the  water  in  the  manometer  glass  tubes 
being  allowed  to  escape  through  the  bottom  openings. 
The  latter  were  then  plugged  up,  and  the  special 
oil  or  the  acetylene  tetrachloride,  as  the  case 
might  have  been,  was  then  poured  through  the  two 
upper  openings  of  the  manometer  until  about  the 
middle  of  the  scale  was  reached.  Finally,  water 
was  poured  in  on  top  of  the  oil  into  both  openings, 
until  the  water  began  to  overflow  from  the  latter, 
care  having  been  taken  that  equal  amounts  were 
poured  into  both  sides  as  evidenced  by  similar 
oil  levels  in  the  two  manometer  tubes.   The  upper 
plugs  were  then  screwed  in,  and  the  manometer 
valves  were  opened,  thus  connecting  the  manometer 
through  its  fittings  with  the  hyperbolic  elbow 
and  the  water  line.  That  there  was  no  air  en- 
trained anywhere  in  the  system  was  evidenced  by 
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the  zero  manometer  readings  not  iDeing  changed 
when  the  manometer  valves  were  opened. 

50«  The  valve  at  the  weir  was  next  opened 
gradually  until  the  desired  manometer  reading  was 
obtained,  the  water  "being  allowed  to  escape  through 
one  of  the  weighing  tanks  into  the  sump.   The  se- 
cond tank  was  now  weighed  while  empty,  and  the 
reversing  pan  was  then  tipped  toward  this  tank, 
the  stop  watch  being  started  simultaneously  with 
the  beginning  of  the  filling  of  the  second  tank. 

51.  After  a  two  or  three  minute  run,  the 
pan  was  reversed  into  the  first  tank,  the  second 
tank  was  weighed  with  its  water  in,  and  the  weights 
of  the  empty  and  filled  tanks  as  well  as  the  time 
of  the  run  were  entered  on  the  data  sheet.   Simi- 
lar entries  were  made  for  the  manometer  readings 
during  the  run. 

52.  The  valve  over  the  weir  was  then  fur- 
ther opened  until  the  desired  increase  of  the  mano- 
meter reading  was  secured  and  the  experiment  was 
repeated.  Over  40  such  readings  were  taken  by  the 
writer  just  for  openings  26-6  alone,  and  over  60 
additional  readings  for  26-6  were  taken  in  an 
official  test  under  the  supervision  of  Prof.  G-ebhardt, 
of  Armour  Institute  of  Technology.  Also,  about  160 
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readings  were  taken  by  the  writer  for  openings 
26-31,26-32,  26-33  and  26-34  for  water  alone, 

53.  When  the  readings  for  26-6  were 
completed,  a  change  to  openings  26-31  was  made, 
as  follows: 

The  manometer  valves  were  closed.   Then 
the  water  supply  valve  was  closed,  and  the  water 
in  the  piping  was  allowed  to  empty  through  the  dis- 
charge valve  into  the  weir.   The  manometer  fittings, 
however,  still  remained  filled  with  water.  Next, 
the  screw  opposite  opening  6_  was  replaced  "by  an 
extension  screw,  thus,  effectively  closing  out 
opening  6_   and  disconnecting  it  from  the  left  side 
of  the  manometer.  Instead,  the  extension  screw  in 
opening  31  was  replaced  hy  an  ordinary  screw,  and 
by  opening  the  valve  shown  in  the  upper  left  hand 
corner  of  the  manometer.   Then,  the  water  supply 
valve  was  opened  again,  and,  when  the  flow  became 
steady,  the  piping  was  again  effectively  freed  from 
all  entrained  air.  Finally  the  discharge  valve  was 
closed,  and  the  manometer  valves  were  opened,  the 
zero  manometer  readings  being  noted.   The  apparatus 
was  then  ready  for  another  set  of  readings  for 
26-31. 
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54»  After  oompleting  the  readings  for 
E6-31,  changes  in  connections  were  again  made 
in  the  manner  just  descrihed  to  openings  26-32, 
26-33  and  26-34,  respectively,  a  complete  set 
of  readings  having  "been  taken  for  each  of  these 
connections  in  order  named. 

55.  In  the  case  of  steam,  the  inclined 
manometer  was  used,  "but  in  other  respects,  the 
test  was  similar  to  that  for  water,  except  that, 
for  steam,  additional  readings  were  taken  of  the 
pressure  of  the  steam  and  of  the  temperature 
of  the  throttling  calorimeter  for  determing  the 
density  and  quality  of  the  steam  whose  flow  was 
to  he  measured. 
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^E S  UL  TS  ^^c    CAL  C  ULA  T/0N3 

56.   The  data  olDtained.  for  the  flow  of  water 
and  steam  through  a  3"  hyperholic  elbow  are 
given  helow.   In  order  to  illustrate  the  method 
of  the  calculations, a  sample  set  of  results  and 
calculations  for  openings  26-6  for  water  and 
for  steam  is  also  included.   This  refers  to  cal- 
culating the  numerical  value  of  the  co-efficient 
k  of  the  formula. 

Vg^  =   k  /  SgH      (See  eq.l6  and  eq.30) 

In  addition,  the  data  for  pressure  distri- 
hution  along  the  line  of  symmetry  for  hoth  water 
and  steam  is  given  "below,  and  the  determination  of 
the  F  curves  for  the  two  respective  cases  is  illus- 
trated. 

57.   To  "begin  with,  the  values  of  and  rela- 
tions between  different  fixed  items  of  this  test 
are  tabulated  below  under  the  title  indicated. 

GENERAL  FL07J  DATA 
Manometer  Data 

Oil,  S.p.  a  1.25;  Acetyl.  Tetrach,  S.P.  =  1.59 

1"  Water  -  62.5   #  /sg.  ft. 

1"  Oil   =   62.5   (1.25-1)  =  62.5  X  .25  #  /  sq.ft, 
12  TT 

^^  "&  -z  ^  I   sq.ft.  and  ho  =  in.  of  oil,  then,  p  - 
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62.5  X  .25  ho  =  1.3  h.     #  /sq.  ft. 
IF 

Similarly  for  hg^  -  in.  of  acetylene  tetrach.,  we 

get.  p  =  _e^J_^(j.y9-i)h^-    3.07h^  */sq.  ft. 

For  the  vertical  mercury  manometer,  we  get  for 
hjji  =  in.  of  mercury. 

For  the  inclined  mercury  manometer,  we  get 
for  Ijjj  -  in.  of  mercury  along  inclination. 

P  -     <^^/  x(l3.G-l)h^         = 
=   65.6  h^  ~  65.6  1^^  sin  10°  - 
::  65.5  x.l73  l^^,  -  11.4  \^ 

Pipe  Diameter  -  3.067" 

Hyperbolic  Elhow 
(Section  through  plane  of  symmetry)  - 
3i-"x2  1/8" 
For  location  of  openings,  see  Fig#3. 
Areas 

Pipe    ,  a    =  .785  (3  QGl)   =.  (?^/-^  sq.ft. 


Elbow       ,   a.       =         3-k  ^    z  &       ,  ^.r/zpSI'ft. 
Ratio  ^       }-  2i  \        ,      practically. 

WATER 


VELQ PITIES 

Pipe  V     z  K. 


62  -TA    6C)cr  6Z.sk  GOK.OS/^ 
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i\l  -  Lbs.   /min) 


Elbow 


Vj   =     K/  2  gE 


^£.  J"  X  eo  a. 


,00516  W  ft/sec. 


<32.s xeo  X.  OSIG 


DISOHAHaE 


Pipe 
Oil 


W  is  measured;  Lbs/min 


60  w  a-j_  v-j^  - 


3  60z62.5x.0516k/  ^gH 


-  60x62. 5x.0616k/  z^JL 


f  (S 


z.s 


224  k  /      ?^;  ^  lbs /min 


Acetylene 

Tetrach,     7/     -       60  wa^  v^ 


SL30W 


::        60  X  ^Z,SX.csi<s    ^  /  ;:>      3.oy  f; 
-       344  k/^^i;  lbs. /min 


Meroury,    in  a  vertical  manometer. 


Y/  =   60  wa^\<^ 


6(?;(  G2.S  )C-05I6   K  /2, 


3  1590  k/H^ 
Mercury  in  an  inclined  manometer. 


Lbs /min 


£  J- 


562.5  k/   2Z    ,  lbs. /min 
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p   -     HD    ;    therefore,   E  -    JL 


Coeffioientq*     f   Referred  to  mean  velocity  through- 
plane   of  sjmaetry  of  elhow). 


Oil   .  K  :,  W 

J>H4/ '  "ho 

Acetyl.  Tetrachl,,  E 

=  ^7 

^^nr 

Mercury, 

vertical  manometer, 
K  -   W 

"^y  h» 

Mercury, 

inclined  manometer, 

K        W 

662.5  r" 

im 

STEAM 

Velociti 

es 

Pipe.    V  =  W 

60  .,  a. 

"   60X.0514  p^ 

,  Z24.   W 

"Lf"   ■ 
1 

ft /sec. 

D.      -  Density  of  the   steam  Ibs./cu.ft 
1  "" 


ELBOW, 


\ 

= 

K/  2  gH 

= 

= 

W 

W 

eox .  0SI6  o^ 

= 

.323  W 

ITT 

ft /sec. 

60  V,    =  19.4     W  ft/min, 

1 


DISCHARGE 


V. 
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DISOHAEGE 

Oil    ,      W 

50 
42 

60  D^a^Y,    = 

60  Dn    X.0516  k/   2g    ^       - 

60  X   .0516        k/  E   g  p  D^z 

60   X   .0516        k/  Egyl^hpD^- 

S8.3     k/      h^  D^             llDS./min 

Acetyl. Tetrachl 

60  D^a.Y^    - 

EllDOW                            r 

X    .0516      X/  2^  X3.07  h^  P^ 

; 

.6  E/      h^  P^                     lbs.   min. 

Mercury  in  a  vertical  manometer, 

W  - 


60  D^  a^  V, 


60   x.0516        K/  2^  X  GS-  €  h^  D^ 
201^5 yJ     h^P^    Lbs.mi"n> 


Mercury  in  an^-inclined"  laaftometer. 

W  =  ^°  ^1  ^  "^1  = 


60  X  .0516  K/2g  X  11.4  1^^ 
84  k/  i^D^       Lbs. /Min. 


Goefficients 


Oil   ,  k  =   W_ 


28.3/  ho  D;l 
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Acetyl,  TetrachL,  K  z       W . 

43.6  /  ha  Di 


Mercury,  vertical  manometer, 
K  -        W 


201,5 


Mercury,  inclined  manometer, 

K   -  V? 


84/  iB^Di" 


Coefficients  for  7/ater 
58.  Below ^in  Ta^ble  l^is  given  a  sample  of 
date  taken  for  water  with  openings  26-G,  As  will 
be  noted,  the  manometer 

TABLE  1 


Z?>?  r£  :  Jan.  /-^.  /^^/        d7>='£:/v/A//sj  ^6'6     Wa TBLR 


\      Oii,       M>^pMfr£i/^     !  WesiSH.  TANt<\  Tims  L^s  /Va 


^:^  ai:  7i   3 


>.  I  -  '  5  ^'  /<? 


•.  !  ,.  l^ii/^ 


kr7/tw^^2«  ^ 


k//  /^3^k^8    ' 


IESEBEhI 


3^3 
40S 


-*M 


7  /     -Mfl/J*/  sz/ 


..\3±\/3\     3-Z 


•  50. 


zero  readings  did  not  change  throughout  this  set 
of  runs.   Two  minute  runs  were  taken,  and  the 
discharge  for  the  different  runs  has  heen  varied 
from  ahout  200  to  ahout  550  Ihs,  of  water  per 
minute. 

59»   In  Table  2,  are  given  the  calcu- 
lations of  velocities  and  coefficients  for 
the  set  of  data  found  in  Tahle  1. 
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TABIE  2 


Oa  tm  :  Jan.  J4,  /92f        Of=>e  a^w<5: 


msmw. 


\OlSGH. 


i/\/AT£^ 


_..J  FfyLU 


ri  1^. 


taWAWf' 


l.S\LZZ\  LO^  IM     .  7SS    , 730\ 


,/J-T     .  7^0\     »>  1 


L^\'^:f\,„. 


.M^/^\iM    >7ss 


303    I   'A'^ 


\3.€>A^sa\e.sf\ 


BMxoAS-inL 


EEIEE3EEi 


1     -^//     i       c..<^ 


'  H'^     -^^     ^ 


"    ^B3      i-l 


soa    '0.6 

33^ — 


SMCPLE  CALCULATIONS  OP 

VELOCITIES   AUD    C0REESP01TDIN& 

GOEFFICIEIJTS 
FOR 
Y/ATER 
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By  average  coefficient  is  meant  the  final  average 
as  determined  from  the  complete  set  of  date  for 
connection  26-6.  By  full  load  o/o  error  is  meant 
the  error  of  calculated  discharge  when  compared 
with  full  load  discharge,  the  latter  heing  taken 
for  this  case  as  500  Ibs./min. 

60,  The  values  of  the  coefficient  of  con- 
nection 26-6  as  calculated  from  all  the  data 
taken  for  water  flowing  through  the  3"  hyperholic 
test  elhow  are  plotted  in  Fig,  11,  as  ordinates 
with  discharges  in  Ibs/min.  as  abslcissae.  The 
fact  that  such  comparatively  small  differences 
exist  between  different  values  of  the  coefficient 
and  the  average  coefficient  is  striking.   The 

errors  for  the  coefficients  of  table  2  have  a 

error 
maximum^of  less  than  3%  at  two  points  as  shown  by 

the  coefficients  ^  error  curve  marked  2,  the 

majority  of  the  coefficients  having  errors  of  less 

than  2^.   If  the  errors  are  figured  on  a  basis  of 

the  difference  between  calculated  flow  and  actual 

flow  as  compared  with  full  load  flow,  these  errors 

are  still  further  diminished  as  illustrated  by 

curve  3,  marked  "full  load  fo   error  curve".   The 

maximum  error  in  this  case  is  only  2^  most  of 

the  errors  being  less  than  1^. 

61.  In  general,  it  has  been  found  from  all 


foF 


!7ATER   THROUGH  5"   HYBERBOLIC  ELBOW. 


^^^/G/ 


^00 
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the  data  taken  thaf  about  90^  of  all  the  coef- 
ficients of  connection  E6-6  which  is  the  one 
intended  for  flow  measurement,  were  accurate 
within  97.5^  or  "better.   The  maximum  error  was 
found  to  he  only  4^.   If  these  errors  were  fig- 
ured on  a  "basis  o'f  Jb  full  load,  they  would  he 
still  further  reduced  in  the  same  manner  as  they 
were  for  the  errors  calculated  for  Table  E  and 
plotted  as  curve  3  of  Fig  11, 

62,   It  may  be  in  order  to  mention  at 
this  point  that  the  final  analysis  of  the  pres- 
sure distribution  curve, given  further  down,  seems 
to  indicate  that  for  flow  of  water  through  the 
hyperbolic  elbow  the  effect  of  the  friction  is 
almost  negligible,  at  least  for  velocities  up 
to  about  V /seo*     This  may  be  illustrated  for 
connection  26-6  by  comparing  the  actual  coef- 
ficient just  found  with  the  theoretical  one  for 
frictionless  flow.   Thus,  for  eq.  (18)  we  have. 

Now  for  our  3"  elbow, 

R  =  5.5" 
R  -  2   " 


Therefore, 
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/5,5  -^S    ~"    -  /7>5      -/75^ 
E-/  4  (5.5  -£}     ■"  /  4  X  3.5 


=  »752  (31) 

But  this  is  almost  exactly  the  same  value  as  that 
of  the  ooefficient  found  experimentally.  This  fact 

illustrated- the  contention  made  above,  that  the 

J 

effect  of  friction  upon  the  actual  flow  through  the 

hyperbolic  elbow  is  comparatively  small. 

63.  •  Furthermore, it  would  be  expected  that  if 
the  motion  of  water  around  a  hyperbolic  elbow  actually 
approached  a  plane  and  stream  line  flow,  the  differ- 
ences of  pressure  between  any  two  points  along  the 
line  of  symmetry  ought  to  all  follow  the  same  law. 
The  exact  nature  of  this  lay7  will  be  deduced  later 
from  the  pressure  distribution  curve,  but  the  ap- 
proximate values  of  tho  coefficients  ought  to  be  the 
same  as  those  for  frictionless  fij^ov^?,  since  this 

fact  was  found  to  be  true  for  connection  26-6.. 

64.  How,  the  general  formula  for  the  coe- 
fficient K  of  equation 

V  =  K/2  g  H 
was  mentioned  to  be  of  the  'form. 


this  taking  the  special  form  of 


4fR  p 


4(R  2-Ri) 
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for  r]L  =  ^n  ^^^  ^2  =  %^"^'®*  "^^""^  connection  26-6. 
This  formula  gives  the  following  theoretical  values 
for  the  coefficients  of  connections  26-31  26-52, 
26-33,  and  26-34,  for  frictionless  flow,  ^/i^'^  'n  TablsJ 

65*  A  comparison  of  the  theoretical  values 
of  the  coefficients  for  the  various  connection  as 
given  in  Table  3  with  the  actual  values  of  these 
coefficients  as  found  experimentally  for  water  and 
given  in  Table  4,  indicated  that  our  original  de- 
duction that  the  effect  of  friction  on  the  flow  of 
water  through  our  hyperbolic  elbow  is  small,  is 
verified  by  all  the  results  of  our  test.   Since 
only  the  approximate  existence  of  a  stream  line 
flow,  along  rectangular  hyperbolas  could  give  us 
such  close  agreement  between  theoretical  and  actual 
coefficients  for  the  different  connections  along 
the  line  of  symmetry,  is  it  not  permissible  to 
assume  that  the  desired  plane  stream  lone  motion 
was  actually  secured  by  means  of  the  straightening 
grids  and  the  hyperbolic  elbow? 

66.  With  such  an  assumption,  it  ought  to  be 
possible  to  calculate  the  value  of  the  coefficient 
K  of  the  flow  measurement  formula, 

v^  =  k/  2  gH 
for  any  hyperbolic  elbow  from  its  dimensions  and 
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TABIE  3 


/Rai>/(/S  V^EOTO/kii 


^^^/Cr/ONL£iS  Fi 


Ooi>tN£.OTfOMS  . 

//v.         Feer 


26-32         3.g>5g|  .eJ-7J 


^>^r/?/-r^;  .>(^^ 


^.i"  i 

.73Z 

»» 

•  76-^ 

9« 

.^23- 

,54/ 

l.l^O 

T^LE  4 


y4c>r(/^iL 


\  \  \ 

Co&r^fOfANrs 

a6-6 

.7  SO 

26  -^/ 

.  76^ 

2  6  -32 

.^/y 

26-33 

,920 

26-3-^       . 

/. /36               - 

ACTUAL  COEFFICIENTS  FOR  WATER 
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from  tlie  location  of  the   points  of  connection. 
It  does  not  seem  to  make  any  difference  how 

the. 

complicated  the  flow  may  be  or  what ^nature  of 
the  piping  and  fittings  ia,  the  straightening 
grids  and ^centrifugal  force  seem  to  very  nearly 
destroy  the  complexity  of  the  original  flow, 
changing  it  to^plane  stream  line  flow.  There- 
fore, the  hyperbolic  elhow  does  not  need  any 
local  calibrations,  its  coefficient  being  of  a 
fixed,  reliable  and  known  value  based  upon  the 
elbow  design  and  upon  the  points  of  connections 
only.   It  is  hoped  that  future  tests  will  con- 
firm the  results  and  conclusions  of  this  investi- 
gation of  flow  of  water  through  rectangular  hy- 
perbolic elbows. 

PRESSURE  DISTRIBUTIQ]^  FOR  17ATER 
66.   It  will  be  remembered  that  each 
pressure  connection  such  as  26-6,  26-31  etc.,  was 
investigated  separately  so  that  the  discharges 
measured  for  the  different  pressure  connections 
were  not  exactly  identical  although  they  were  not 
very  far  apart.   Therefore,  if  we  wish  to  analyze 
the  pressure  distribution  along  the  line  of  symme- 
try for  any  chosen  discharge,  say  500  Ibs/min., 
it  is  evident  that,  if  for  one  connection  the 
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nearest  date  taken  ifi  490  Ibs/min,  while  for 
another  connection  this  happens  to  be  510  Ihs/min, 
then,  in  the  first  case,  the  pressure  difference 
is  not  large  enough  for  500  Ihs/min,  while,  in  the 
second  case,  the  pressure  difference  is  too  large; 
in  other  words,  the  pressure  readings  at  the  dif- 
ferent connections  must  be  reduced  to  a  similar 
discharge  basis. 

68.  Again,  it  will  be  remembered 
that  the  average  velocity,  v^,  is  proportional 
to  the  square  root  of  the  corresponding  differ- 
ence of  pressure,  p;  viz., 

Va  =  K/  2g  H     =   K/SelE    Tsee  30) 

D 

Also,  the  rate  of  discharge  W,  is  proportional  to 
the  average  velocity,  Va  ;  viz., 

W  -  60  D  a  Va  z  60  x.0516  D  Va,Lbs/inin(31) 
or 


w 

z 

3.10 
3.10 

D   K/2g  p 

= 

K/Eg  p 

D 

from  which. 

P 

2 
s  W 

(S.lOkji 

^S 

lb 

= 

C 

W2 

IT 

(33) 


f34) 


where , 


0  =  constant , 
69.  The  last  equation  shows  that  pres- 
sure difference  changes  as  the  square  of  the  rate 
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of  discharge,  W,  and  also  decreases  directly 
with  the  density  D,  of  the  fluid  whose  flow  is 
measured.  Therefore,  if,  in  the  case  of  water 
any  connections  the  pressure  difference  was 
taken  for  say,  490  Ibs/min  instead  of  500#/inin, 
this  pressure  difference  must  he  increased  (500)^ 

times  in  order  to  determine  its  value  for  500  Ihs. 
min.   In  the  case  of  gases  and  vapors,  such  as 
steam,  correction  must  also  he  made  for  density 
D  in  accordance  with  eq#33. 

70,  Another  method  is  to  find  from 
data  the  average  coefficient,  K  for  each  connec- 
tion.  Then  the  pressure  difference,  £,  can  be 
found  directly  from  eq«33,  by  substituting  the 
proper  values  for  Z,  W,  and,  D* 

71.  Using  the  second  method  in  the 
case  of  water,  first,  the  average  coefficients 

for  the  different  pressure  connections  must  be^from 
the  data,  given  in  the  appendix.  Then,  equation 
S3  may  be  simplified  for  the  partlouiar  case  of 
W  s  500  Ibs/mln  of  crater,  whose  density  is  D  - 
62.5  Ibs/cu.ft.  to  the  following  form, 
p  =  W^ 


(3.10  K)2  ZgD 
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500^ 


2  2 

3.10  X  64.4  X  6^5  K  - 


-      6.46 

K^  (35) 

72.  By  using  the  average  coefficients 
for  connections  26-6,26-31,26-32,26-33,  and  26-34 
the  following  Tahle^for  pressure  distri'oution  along 
the  line  of  symmetry^ was  compiled.   The  pressures 
mentioned  were  really  differences  of  pressurs  "be- 
tween the  different  openings  and  opening  26.  But 
the  only  effect  this  had  on  the  curve  was  to  shift 
it  down  or  shift  the  x-axis  up  without  changing 
the  actual  nature  of  the  curve. 

73.  The  pressure  distribution  curve, 
indicating  the  variation  of  pressure  along  the 
line  of  symmetry  of  a  3"  long  sweep  hyperholio 
elhow,  when  water  flows  through  it,  is  shown  in 
Fig  12.   The  pressures  are  relative,  inasmuch  as 
they  are  differences  "between  the  pressure  at  any 
given  connection  and  that  at  point  26.   Their 
values  and  the  corresponding  radii  vectors  are 
those  found  in  Tahle  5. 

"F"  CURVE  FOP.  V/ATER 

74.  To  find  the  nature  of  the  "F" 
curve  from  the  pressure  distrihution  curve  of 
Fig.  12,  we  recollect  the  relation  previously 
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mentioned  viz., 

g 


a^     -  -  D  R  F^     foee  eq.  20) 


From  this  equation,  we  can  express  the  unknown 

function  "F"  in  terms  of  the  rate  of  pressure 

variation, d£i 

dR  ,  along  the  line  of  sjrmmetry,  viz., 

D         I?    IH       (36) 

For  water  D  -  62.5  Ihs/cu.ft.,  and  the  last 

equation  is  simplified  to 

F  (R)  =   .717  /r~i   d£" 

I^   dR         f36a) 

75.  Now,  from  the  pressure  distribu- 
tion curve  of  Fig.  12,  for  any  given  value  of  R, 
we  locate  the  corresponding  point  on  the  curve. 
Then  two  points  are  located  at  short  distances 

on  each  side  of  the  point  chosen,  care  "being  taken 
that  the  fraction  of  the  curve  between  these  two 
points  is  nearly  straight.   If,  next,  the  horizon- 
tal and  vertical  projections  of  this  fraction  of 
the  curve  are  measured,  their  ratio  can  evidently 
be  expressed  as  4p  and,  if  the  fraction  of  the 
curve  is  straight  enough,  we  have 

A  p  =  dp    nearly, 
^3,  R     ^   ^ 

76.  To  insure  accuract*"  the  pressure 
distribution  curve  shown  in  Fig.  12  was  originally 
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plotted  on  a  much  larger  scale,  and  a  Gonsidera"ble 

numlDer  of  points  were  investigated  for  their  values 

of  dp  in  the  manner  just  explained.  A  tatle  was 

then  made  of  the  values  of  4^     jd   R      ^  p 

^   R 


and  finally  of  -  1  Ap  and  of  /       R^R 

R"aR 


The  results  of  these  calculations  are  given  below  in 
Tahle  6.   This  tahle,  therefore,  gives  us  the  dif- 
ferent values  of  F  (R)  =   ,111  f^     SCp"  for  various 

R  dR 
values  of  the  radii  vectors  R  "being  expressed  in  feet, 

The  "F"  curve  can  now  be  plotted  from  Table  6,  with 
values  of  F  as  ordinates  ,  and  values  of  R  as  abscis- 
sae. A  reproduction  of  the  "F"  curve  thus  found  is 
given  in  Fig,  13. 

77,   An  inspection  of  the  points  plot- 
ted for  drawing  the  "F"  curve  in  Fig.  13  shows  that, 
as  a  first  approximation  they  may  be  considered  to 
lie  on  the  inclined  straight  line  AB,  marked  "F" 
curVe  #1.  More  careful  analysis  however,  leads  us 
to  assume  that  the  "F"  curve  closely  approaches 
some  form  of  a  higher  parabola  of  the  general  form. 

F^  -   G^R  (37) 
This  parabola  of  the  nth  degree  is  represented  by 
the  "F"  curve  #2. 


•-66- 
'ICtUHE  13 


.67- 


78.   The  equation  of  the  "F"  ourve 
#1  is  found  hy  regular  methods,  that  we  need  not 
go  into  J  to  he 

F  (R)  =  Bf  1  t  A  R  )  = 

=  B  (1  +.348  R)  ::  7.425(l  +.348  R)  (38) 
hy  modifying  the  expressions  for  average  velocity 
pressure  etc.  with  this  value  of  F  (R),  these  ex- 
pressions take  the  forms: 

v.   =  B  ©_+_^-j_)  -Ir   .116   (Rf-  nf) 
^  ^T^^  ^^^E^^^l  =   ^39) 

-  .3488  E  (for  our  3"  elhow) 
p  -  p^  -  H  B^(  R^  +  .233  R^  +  .030  R  ^) 
Pd  =  P^^-P  =  R   ^^f'S  (Hg^gp%.233(R,^-^^j  +.030(«,r  "  ^^ )] 

o 

=      107    ^{F<^c)    -^(rJ  (41) 

and  from  eq.    (41),    we  get. 


(42) 
while, 

^B.  -      b[(R2    +   Ri      +    .116      r/  -r/     "7- 

-  r^2  ^^1    +  .116  j^L_=_^L_i . 

L        2  H^  -    rJ/2   g  H 

=  K/  2   g  H  (43) 
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and. 


R^ 


+  .116   (R2^-  It{) 

•w ^  -■- 


■2   ^ 

.3488 


(44) 


/  2  [^(R^  )   -   f  (RlJ  /2  f<^(R2)-^(R)J 


79.   The  equations  for  pressure  dif- 
ference p^  and  for  the  coefficient,  K,  as  given  hy 
equations  (41)  and  (44)  respectively,  make  it  pos- 
sihle  to  calculate  "before-hand  the  pressure  distri- 
hution  along  the  line  of  syimnetry  as  well  as  the  co- 
efficients for  the  different  connections.   These 
calculated  values  can  then  he  compared  with  the 
experimental  values , checking  the  accuracy  of  find- 
ing the  "F"  curve  from  the  pressure  distribution 
curve.   Such  a  comparison  can  he  made  by  inspecting 
Tahle  7,  given  helow. 
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The  apparent  oheok  of  oalculated  and  actual  values 
of  "botli,  the  pressure  distribution  and  of  the  co- 
efficients, indicated  the  degree  of  accuracy  of  the 
process  of  plotting  the  "F"  curve, 

80,   The  equation  of  the  "F"  curve  #2 
has  been  found  by  choosing  any  two  values  of  the  F 
from  the  curve  and  substituting  them  and  the  cor- 
responding values  of  R  in  equation,  (37)  rewritten 
for  convenience  as 

n  log^Q  F  =  log  R  +  n   log  C  (37) 
by  taking  the  common  log  of  the  two  sides  of  equation 
(37),   Then  n  log  0  was  eliminated  from  the  two  par- 
ticular equations  for  the  two  chosen  points,  and  the 
equations  were  sftlved  for  n#  This  process  was  re- 
peated and  the  average  of  all  the  values  of  n  thus 
found  was  calculated  to  be  about  13.   This  value  of 
n  was  next  substituted  into  the  original  equations 
from  which  n  was  found  and  a  number  of  different 
values  for  log  C  were  also  found.   An  average  value 
of  log  0  =  Q>9494  was  calculated  for  the  latter, 
corresponding  to  a  value  of  G  =  8.90 
The  final  expression  for  F,  therefore,  took  the  form, 

F  -   G  R    = 

1/13 
-  8.9  R  (45) 


71. 


81.     IThen  the   expression  for  F  corres- 
ponding to   "F"    curve  #S   is  used  the   equation  for 
average  velocity,    pressures   etc.   take  the   following 
forms: 

V  -     R  F       =  C/^'"^-    OR  ""^'^  (46) 

Va  =  n C  (   ^2        ^1        Ji».^32 

2n  -f       1  Rg   -R]_ 

-     ,4S40(\    -      ^iJ  ^  (47) 

=    .287    G 

1  d       -p       -     D       F^     =       P  C^ R^^  (48)    or 


R  I       R  g  g 


dp         =     -_P_r>^/:?^  ^^^^   ^^^ 


P  -  Po  -  ^     0  ^         (        n         )      R'2 


2  2±,2Z? 


g  \    2   ^-2t» 

(J 
^~g" 

=  73.5         (.1862   -R  "^^^^     )  (51) 


Pq      -        .930     L OR  (50)   whil 


Pd  =  P26  -p-^^0  ^  ^      ^^f'r^ll-j  = 


so   that, 

c  =    / r 


,930    (    Rpfi  -/^     ^    /2FH 


^""^  V^.      .482      C  RV''-  ^V^'' 


,482    (R.-^^^^    -      r/^^"      )  /^^7H~ 


or 
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27        E7_ 
K   =    .488   (Rg  13   -  R^   13   ) 


28    26 

(R^-  R^)  /.930  (RgglS  -^  13  ) 

.298 


/.1862   -  R  ^«//3 (54) 

82.  The  calculations  of  pressure  dis- 
trilDution  and  of  coefficients  based  upon  equations 
(51)  and(54)  respectively,  are  given  in  TalDle  8^. 
The  agreement  between  calculated  and  actual  values 
of  pressures  and  co-efficients  is  in  this  case  even 
closer  that  in  the  case  of  "F"  curve  #1,  as  it 
should,  since  the  parabolic  form  of  the  "F"  curve 
is  more  accurate.   Furthermore,  all  the  equations 
are  much  simplified  by  the  use  of  "F"  curve  #2  as 
evidenced  by  a  comparison  of  any  corresponding 
equations,  e.g.  equation  (51)  and  equation  (41) 

for  pressure  difference.   The  same  is  true  for  all 
the  rest  of  the  equations. 

00-EFFIGIEI^'TS  FOR  STEAM 

83.  A*  sample  of  data  taken  for  steam 
with  opening  25-6  is  given  below  in  Table  9,  while 
the  calculations  of  the  co-efficients  and  their 
accuracies  are  given  in  Table  IQ.   It  was  considered 
permissible  to  assume  14.7  Ibs/sq.in.  absolute  pres- 
sure inside  the  calorimeter  and  to  correct  density 
for  quality  by  writing 

^1   =  D    (55) 
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where  D  is  the  density  corresponding  to  the 
absolute  steam  pressure  as  given  hy  the  steam 
tahles,  D  is  the  actual  density  when  correct- 
ed for  quality,  and  Z  is  the  quality  of  the 
steam.   The  inclined  mercury  manometer  with  an 
inclination  of  10*^  was  used  practically  through- 
out the  experiments  on  steam  except  for  veloci- 
ties "below  4000  ft/ipin  when  the  vertical  mano- 
meter was  used  with  acetylene  tetra-chloride 
as  the  manometer  fluid, 

84#   The  values  of  the  coefficients 
of  connection  E6-6  as  calculated  from  all  the  data 
taken  for  steam  flowing  through  the  3"  hyperholic 
test  eltow,  are  plotted,  in  Fig,  14,  as  ordinates, 
with  discharge  in  Ihsyinin,  as  ahscissae.   This 
figure  also  includes  the  "full  load  ^  error"  and 
the  "cio-efficient  'fo   error"  curves  for  the  data  of 
Tables  9  and  10.   Just  as  in  the  case  of  water, 
there  is  a  close  agreement  hetween  the  different 
values  01  the  co-efficient  with  only  small  diff- 
erences between  any  particular  values  and  the 
average.   The  errors  for  the  co-efficients  of 
Table  5,  have  a  maximum  of  4^  at  one  point,  as 
indicated  by  the  co-efficient  %   error  curve, 
marked  (2),  the  majority  of  the  co-efficients 
having  errors  of  less  than  3^.   If  the  errors  are 
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figured  on  a  "basis  of  the  difference  between 
caloulated  flow  and  actual  flov/,  compared  with 
full  load  flow,  these  errors  are  still  further 
reduced  as  illustrated  hy  curve  (3)  marked  "full 
load  ^  error"  curve.   The  maximum  error  in  this 
case  is  only  2^,  the  majority  of  the  errors  "being 
less  than  lfo» 

85,  In  general^ an  inspection  of 
all  the  data  taken  for  steam  indicates  that  the 
maximum  error,  on  a  full  load  percentage  basis, 
is  about  Z^fo,    about  75^  of  all  the  errors  being 
less  than  2^.   On  a  basis  of  co-efficient  fo   error 
or  of  instantaneous  rather  than  full  load,  the 
maximum  error  is  about  5^,  the  great  majority  of 
errors  being  less  than  Zfo* 

PHESSURE  DISTHIBUTIOI^  FOR  STEAl^ 

86,  In  making  out  the  table  for 
pressure  distribution  along  the  line  of  symmetry, 
when  steam  flows  through  the  3"  hyperbolic  elbow, 
the  pressures  were  all  taken  for  a  discharge  rate 
of  75  Ibs/min.   To  reduce  all  the  nearest  avail- 
able data  to  a  75  lbs.m.in  basis  and  to  the  same 
density,  which  was  chosen  as  .275  Ibs./cu.ft.,  the 


relation 


p  r  G   W     (see  e^.  34) 
D 


was  used.   Thus,  the  nearest  data  for  26-6  happened 
to  be  a  discharge  of,  84  #/min  and  a  density  of 
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.284  Itis/oii.ft. ,    tlie   inclined  manometer  reading 

being   6.75" »      0?he   corrected  manometer  reading 

is 

1  -   6.75(75)^    X      .284          =   6.975" 
"^  -74^  TWT'  

and  the  corresponding  pressure  is 

p  =  11.4  1^  =  11.4  X  6.975  -  79.5  #/sq.ft. 
Similar  corrections  were  made  for  tiie  other  open- 
ings along  the  line  of  symmetry. 

87.  Table  11  gives  the  pressure  dis- 
tribution along  the  line  of  symmetry  for  steam, 
all  data  being  reduced  to  a  basis  of  75  Ibs/min, 
discharge,  and  a  density  of  .275  lbs/  cu.ft.,  as 
just  explained. 

(     88.   The  pressure  distribution  curve 
along  the  line  of  symmetry  of  a  3"  hyperbolic 
elbow  when  steam  flows  through  it,  is  shown  in  Fig. 
15  below.   This  curve  was  plotted  from  the  data 
given  in  Table  11. 

89.  An  inspection  of  the  pressure 
distribution  curve  seems  to  suggest  that  the  curve 
is  represented  by  some  periodic  function  such  a-s 
a  sine  function.   The  x-axis  of  this  sine  curve 
appears  to  be  parallel  to  the  straight  line  OF 
connecting  the  two  extreme  points  of  the  pressure 
curve.   If  two  straight  lines  are  drawn  parallel 
to  OF  and  tangent  to  the  pressure  curve,  then  the 
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x-asis  of  the  sine  curve  must  lie  midway  between 
and.  parallel  to  these  two  lines.   The  x-axis  is, 
therefore,  the  line  ADEB»  V/e  shall  take  as  the 
y-axis  a  line  perpendicular  to  the  x-axis  at  point 
A,  i.e.,  at  the  intersection  of  the  x-axis  with 
the  p-axis. 

90.  Therefore,  if  referred  to  the 
x-y  axis  just  mentioned,  the  general  equation  of 
the  pressure  curve  may  he  written  as, 

y  -  nsin  fmx+o)  (56) 

where  n,  m^  and  o   are  the  constants  determining  the 
relative  position  and  exact  nature  of  the  sine 
curve • 

91.  If  now,  the  x-y  co-ordinates 
are  turned  through  the  angle,  0,  so  as  to  make 
the  new  x-axis  parallel  to  the  R-axis  (see  Fig,15) 
and  so  as  to  make  the  y-axis  coincide  with  the 
p-axis,  the  following  substitutions  must  "be  made 
for  ;^  and  x  in  equation  (56) 

y  =  x'sin  Q  -k  y  cos  0       (57) 

X  =  x'  cos  Q-Y^    sin  9         (58) 
that, 

If  in  addition  to^the  x-axis  is  lowered  a  distance, 

yQ,  until  it  coincides  with  the  ^-axis,  we  must 

write, 

r      -   y"  -  70  ^59) 

or  equations  (57)  and  (58)  must  be  changed  to 


.80. 


y  -  z'  sin  ©  i  fy"-yo)  cos  Q  f57a) 
X  -  x»  cos  Q  -  (y"  -y^)         (58a) 

As  a  result,  the  new  equation  of  the  pressure  ourve 

7»rhen  referred  to  co-ordinates  Goinoiding  with  the 

p-R  axes,  heooraes: 

x'  sin  0  -  (y"-yo)  cos  Q  =  nsin  1   mfx'cos  Q  -  (y"-yo) 

sin  ©J  +  cL  (60) 

9S.   But  from  the  scales  used  for  the  £ 

and  R  axis  and  from  the  general  details  of  the  curve, 

we  have, 

x'-  .  ESR  (x'  =  inches)  (61a) 
y"-  .  1  P  (y"  =  "  )  (61h) 
yo  =  .1  Po  =  .1  X  120  =  12  (61c) 

tan  Q  =   yo  =   120  x  .1  =  1,09;  9     =  47°  28'  (61d) 

COS  0  -  COS  470  28'  ^  .676  (61e) 

sin  e  =  sin  47°  28'  =  .736  (61f) 

93.   FURTHERIvIORE,  from  the  sine   curve, 
when  referred  to  the  original  set  of  co-ordinates, 
v/e  get  at  points  0  and  0-  ^ 

y  -  0   for  x^  =  11/32"    and 

y  =  0   "   X2  =  5  5     '' 

3^ 

or 

y  -  nsin  (mxQ_  fc)  z  nsin(mx2+  c)  =0   (62) 
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raxi   +  c  =   X  and  f63a) 

mx2  +   c  =  2jc  (est)) 

from  which  "by   suhtraetion  v/e   get, 

m   (s:]_  -X2)    =   2jc-jn:  3  jj^  f63c) 

and, 

m  ::  jr^  3  Ji:  -    ».246ji:  =    .775 

Xo-Xn  5   5/32   -   1  1^ 

(64) 

Substituting  this  value   of  ra  into   equation    f63a)    we 

get  .775  x-L  f    c  zvTLor  (65) 

C    r  JL-.'775  x^   -JL'»'775   x  1   l/32   -    .74ji:  = 

=  2.54  (65) 

Finally,    from  the  maximum  00-ordinates   of  the  sine   - 

curve,   we   get, 

^max  =  ^  =  ^^^^  ^^  -  ^'    ^^ 

n  =      1/2  =      .5  (66) 

94  I7e  have  then  in  the  last  tv/o  para- 
graphs the  values  of  all  the  constants  involved  in 
equation  (60).   Substituting  these  values  into  equa- 
tion (60)  v;e  get, 

.756  (.25R)  -f  .676  (.Ip  -  12)  = 

=   .5   sin  /.775  f.676(.25R)-.756(.lp-12iL 


'} 


+  2.54^ 
which  when  simplified  becomes 

18.4  R  +  .0676  (p-120)  -  .5  sin  (15.1  E 
.057p  +  9.17)  (67) 

95.   To  change  the  pressure  equation  as 
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given  in  (67)  to  the  form  p  r^f^) 
we  may  as  an  approximation,  eliminate  p  from  the 
sine  expression  by  assuming  for  an  instant  that 
the  average  expression  for  £_  is  represented  "by 
the  inclined  line  ADEB  i.e.,  the  line  of  refer- 
ence or  X-axis  of  the  sine-curve,  GDSF.   The  equa- 
tion of  this  line  can  "be  written  at  once  if  v/e 
note  that  it  intersects  the  p-axis  at  p  -  lEO, 
and  that  its  inclination*  is 

120   =   273 

.44 

Thus,  we  have  that  approximately, 

p  =  120  -  273  R  (68) 

We  must  hear  in  mind  that  this  equation  is  only 
true  for  the  line  ADEB  for  the  scales  of  £  and  R 
used  in  plotting 'the  pressure  curve.   It  is  not 
the  true  equation  if  uniform  scales  were  used  on 
the  £  and  R  axes.  However,  since  it  is  the  rela- 
tion between  £  and  R  that  is  sought,  equation  (68) 
is  evidently  the  proper  one  for  the  purpose. 

96.   By  substituting  the  approximate 
value  of  2  as  given  by  equation  (68)  into  the  sine 
expression  of  equation  (67)  we  get, 

sin  (13.1  R  -  .057  p  +  9.17)  - 

-    sin    [l3.1   R   -    .057    (120-273R)    f    9.17J| 

sin    (28.5   R  f    2.32)  (69) 
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Therefore,  we  may  simplify  equation  (67)  as 

follows: 

13.4  R  +  .0676  (p-120)  =  .5  sin  (S3. 5  R  +  2.3E) 

or 

P  =   120  -  18.4  R   +   .5 sin  (S8.5R+E.32)- 

.0676       .0676 

3:120  -  273  R  +  7.4.  sin  (28.5  R  f  2.32)     (70) 
97.   To  check  the  accuracy  of  the  deriva- 
tion of  the  last  equation  as  well  as  to  find  the  errors 
caused  hy  the  approximations  assumed  in  changing  the 
pressure  equation  to  the  form, 

P  z  ^  (R) 
calculated  values  of  p,  based  upon  equation  (70)  are 
compared  with  actual  values  of  p,  in  Table  12,  below. 
Evidently  the  agreement  between  the  calculated  and 
the  actual  values  of  pressure  found  in  Table  12  is 
satisfactory  enough  for  most  practical  purposes,   if 
a  still  better  agreement  were  desired,  we  could  sub- 
stitute the  value  of  ^  as  given  in  equation  (70)  into 
the  original  sine  expression,  involving  £,of  equa- 
tion (67),  Thus, 

sin  (13.1  R  -   .057p  +  9.17)  - 

sin  i  13.1  R  -  .057tl20-273  R^t  7.4  sin 

(28.5  R  +  .2.32)1+9.: 


)]+9.17l  - 
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-  sin  [28.5  R  +  2.52  -  .421  sin  (28. 5R  +    2.32^ 
Tlien,  the  expression  for  £  v;ould  iDecome, 
p  s  120  -  273R  -f-  7.4  sin  [28. 5R  +  2. 32-. 421  sin 
(28.5RJI  +  2.32)1  (71) 

But  this  was  considered  hardly  necessary,  consider- 
ing the  results  of  Table  12. 

"F"  CURVE  FOR  STEMf 

98.   In  the  case  of  steam,  "because 
of  the  familiar  appearance  of  the  pressure  distri- 
bution curve  (Fig. 15)  as  compared  with  the  more 
or  less  unfamiliar  nature  of  the  "F"  curve  (Fig. 16) 
it  was  found  more  convenient  to  first  find  the  equa- 
tion for  the  pressure  curve  and  then  to  find  the 
expression  for  the  "F"  curve  from  the  equation, 


dp   -  -  D   RF^    (see  Eq.  20) 


This  method  is  evidently  the  reverse  of  that  used 
in  the  case  of  water.   Then,  it  was  easier  to  de- 
termine "by  inspection  the  general  nature  of  the 
"F"  curve  rather  than  that  of  the  pressure  curve 
since  that  particular  "F"  curve  could  be  seen  to  be 
either  an  approximate  straight  line  or  a  higher 
parabolic  curve. 

99.   For  steam,  therefore,  we  get 
differentiating  the  pressure  equation  (70)  with 
respect  to  R 

di 


IS 


273  f  211  cos  (28.5  R  +2.32) 

(72) 
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Using  the  latter  expression  for  dp 

"^j  the  equation  of 

the  "F"  curve  can  he  found  from  the  equation 


■m 


dp         fEq.20  solved  for  F 
dR 
viz., ^ 


r=/-g2>S  r-  ^73  -  211  cos  (2B.5H  »  S.3i^n 


=  179 


/"^        /   1  -  .775  cos  (28,5  R  +   2.52] 


1-.775  cos  (88. 5R  +2.52^     (73) 


100,   Tahle  13  gives  the  calculations 
and  values  of  the  ordinates  of  the  "F"  curve  for 
steam  as  ohtained  from  the  last  equation,  viz.eq. 
(73). 

101.   The  equation  for  velocity  of 
steam  may  now  be  written  hy  substituting'  the  expres- 
sion for  "F",  just  found,  into  the  equation, 

V  r  R  F  (see  eq.  19) 
Thus,  we  get, 

V  z  HF  =  179/^T^         /l-i775  cos 


/  (28.5R  +2/32)  = 
^B/'R         /1-.775  cos  (28.5  +2.321 

(74) 
102.   To  compare  the  velocity  distri- 


rl 
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88- 


bution  for  steam  with  that  for  water,  the  values 
for  hoth  were  calculated  for  different  values  of 
R  and  tabulated  in  Table  14  below. 
Equation  (46)  viz., 

V  =   G  R  ^' 
was  used  for  calculating  the  velocity  distribu- 
tion for  water,  using  the  value  G  =  8.9,  found 
in  equation  (45),  this  value  of  C  corresponding 
to  the  particular  velocity  of  water,  viz., 
2«58  ft /sec,  used  for  the  pressure  distribution 
analysis. 

103.  Figure  16  shows  the  "F"  curve 
for  steam,  as  plotted  from  the  data  of  Table  13. 

104.  Fig.  17  shows  a  comparison 
betv/een  the  velocity  distribution  curves  for 
steam  and  water,  indicating  that  the  effect  of 
friction  is  much  more  pronounced  in  the  case  of 
steam  than  in  the  case  of  water.   The  reason  for 
this  is  probably  the  fact  that  internal  friction 
depends  not  only  upon  the  co-efficient  of  viscosity 

LL  but  also  upon  the  density,  A,  or  to  be  more 
exact,  upon  the  ratio  ^       The  value  of  M-  for 
water  in  G.G.S.  units  is  about r^water  =.01,  at 
ordinary  room  temperatures. 
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TABLE      14 
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64S      I.OQO 
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WATER   MD   STEAJl^l 
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The  value  of  u^   for  steam^to  the  "best  knowledge 

of  the  writer,  has  never  yet  been  foimd,  but  as 

in  the  case  of  all  gases  and  vapors  it  is  probably 

much  smaller  than  that  for  liquids.   Thus  the 

value  of  ^u  for  air  is,  according  to  Maxwell, 

K   r  .000187   (l  t_b )  - 

"^  275 

=   .6375  z  lO"  S       (75) 

(See  Lamb's  Hydrodynamics) 
p.  219 
where  t  =  °C,  and  T  is  the  absolute  temperature 
using  the  centrigrate  scale.   Then  for  steam  tem- 
peratures, say,  350°  F  =  5/9  (350-32)  ^C  =  176°  C, 

we  get, 

u  6 

_rr  air  =   .6875  x  10"   (176  +  273)  - 

^3.43  X  10  "^ 

which  is, 

A^water    -  _^01 -29.2 

yM~  air        3.43  x  10  -  4     " 

times  smaller  than  that  for  water.   If  the  viscosity 

of 

of  stoam  were  of  the  same  order  ^«*  magnitude  as  that 
we  just  calculated  for  air,  the  fact,  that  the  density 
of  the  steam  is  so  much  smaller  than  that  of  water 
would  more  than  offset  the  effect  of  smaller  viscosity 

for  steam.   Thus,  the  ratioS  of  for  the  two  compare 

as  follows: 


;^St. 
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6S.5  1 

.25         E9.2 


p=^  water 

7 

=r  8.57 
i.e.,  the  effect  of  internal  friction  for  steam 
7/ould  be  between  8  and  9_  times  greater  than  that 
for  water,  if  the  co-efficient  of  viscosity  for 
steam  were  of  the  same  order  of  magnitude  as  that 
for  air. 

105.  To  calculate  the  expression  for 
average  velocity  from  equation  (74),  it  is  neces- 
sary to  integrate  the  term 

/     R     /  1-  .775  cos  (28.5  R  t  ^.32) 
To  the  best  knowledge  of  the  writer,  this  term  can 
not  be  integrated  by  any  reg-ular  methods.  For  all 
practical  purposes,  however,  mechanical  integration 
by  the  use  of  planimeters,  is  accurate  enough*  for 
this  reason,  the  author  used  a  rectang-ular  co-ordinate 
planimeter  vyith  an  integral  curve  drawing  attachment, 
going  over  a  specially  plotted  velicity  curve  from 
R=0  to  H  -  1  foot. 

106.  Fig.  18  is  the  integral  of  the 
velocity  curve  as  drawn  by  the  rectangular  co-ordinate 
planimeter.   The  abscissae  are  marked  in  feet  as  well 
as  inches,  while  the  ordinates  are  equal  to 

Q  (R)  =  \  r~n  /1-.775  cos  (28.5R^a32W'^ 

(R)  =  Feet  )  (76) 
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We  shall  refer  to  this  integral,  hereaiffcer,  as  the 
"g"  function. 

107,  Table  15  gives  the  oalculations 
of  the  numerioal  values  of 

/~^  /T-   .V75  cos  (Hd.b  k  +   i5.32) 

as  well  as  the  values  of  the  "Q"  function,  viz., 

e  (R)  =  (  r^     /1-.V75  cos  (^8.5  +  2.32)  d  R, 
for  the  range  shown.   The  former  were  used  for  plot- 
ting the  velocity  curve  for  values  of  R  froiji  0  to  1 
foot.   The  latter  were  obtained  from  the"Q"  curve  shown 
in  Fig.  18^ necessary  corrections  having  been  made  for 
the  coordinate  scales  used. 

108.  We  now  can  find  the  expression 

for  average  velocity.  Thus,  from  equation, (74)  we 

have,  

V  =  B/I    /1-.775  cos  (^S.5  R  +  2.SSJ — 

and 


^a=^ 


B  u^^O    '  e    F^^)2 


ydR   ^-^u.^:—^ "^^v-<  f77) 


since 

/.  t^z.  r^i . 

J-R^ydlf^sl     b/^  /"^    -,17S  CCS  {,Z&sRi-^.3Zj       dF\ 


[O  fR2)  -  9  f%)] 


acoorarding  to  equation  (76) 
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109,     Referring  "back  to  the  fundamental 
relation, 


i  =  -^    '-' 


g 

we  may  evidently  sulDStitute  for  "F"  its  expression 

as  given  by  equation  (73),  and  then  hy  integrating 

the  new  expression  for  dp  find  the  eauation  for 

IE 

lave  dg  -  " 

g 


the  pressure,  £.   Thus  we  have  dp  =  -  5  -^  ^ 


2 
-    R|  [1-.775  cos  f28.5R  f  2.32)]- 


g 

from  which. 


D  b2J1-.775  cos  (28.5  If-  2.32)"]  (78) 

P  =  Po  -  ^  B^jri-.775  cos  (28. 5R  +  2.32iJ  dR= 

2  2 

p   -  D  B  R  f  .0272  D  B   sin  (28.5  R  +  2.32)      (79) 
g  g 

110.  The  difference  of  pressure  between 
any  point,  R  along  the  line  of  symmetry  and  point  26, 
whose  radius  vector  is  expressed  by  R^^  can  now  be 
written  down  by  using  equation  (79)  thus, 

g  -  Pg  -  D  B^|(R2-R)  -  .0272l|sin  (28. 5R  4  2.32, 
I  "Sin  (28.5  R2  +2.32)1  L  m 


?s 
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""       |b2  f  ^^2)   -  f  (R)J 


(80) 


where  f  (R)  is  an  abbreviation  for  the  correspond- 
ing expression  in  the  brackets, 

111.   Comparing-  the  equation  (80)  for 
pressure  difference  with  the  equation 

Va  -   B   L  ^  ^J  "  ^    ^ijj     (see  Eq.77) 
f^^-  Ft:, 

for  average  velocity,  we  note  that  as  in  previous 
cases,  the  constant,  B  is  proportional  to  the  average 
velocity,  Vg^,  and  to  the  square  root  of  the  pressure 
difference,  p  -  pg  between  any  two,  points  along  the 
line  of  symmetry.  We   may,  therefore,  write. 


Va  =  B    Le(F\^     -  o   /^^J^   /2g  (  p-pg)  ^ 

z  .9  (R^;  -    e  'n^) /2~g"H = 


^^  "  ^V  /^^^Ul^-  f  iF<)J 


K/HgT^ (81 


where , 
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0  (R  )  -  Q  (R  ) 
2        1 


(Rg-R-^)  /E[^f  (Rgj-f  (RJJ (82) 

is  the  steam  GO-efficient  of  any  hyperholio  elbow 
whose  pressure  connections  are  made  at  points  R,  Rg 
and.  whose  minimum  and  maximum  radii  vectors  are  R-j^ 
and  Rg  respectively, 

112.   Values  of 

f  (R)  -  R  -.0272  sin  (28. 5R  + 

2.32)  (83) 

were  calculated  and  tabulated  in  Table  16  for  values 
of  R  ranging  from  R  :;  0  to  R  -  1  foot.   Therefore, 
for  any  hyperbolic  elbow  within  the  table  range 
values  of  Q  (R)  and  f  (R)  can  at  once  be  fouad  from 
tables  15  and  16,  respectively,  and  the  flow  meter 
co-efficient,  K,  can  at  once  be  accurately  calculared 

•f-«/^~  — „_4---^^  f  Q<r)\ — .— 


r 


Rg-Rl)  pS.\f  \\)-f   (SJJ 


is  the  steam  oo-effioient  of  any  hyperbolic  elbow 
whose  pressure  cormeotions  are  made  at  points  R,  Eg 
and  whose  minimum  and  mazimum  radii  vectors  are  R-, 
and  Rg  respectively, 

112.    Values  of 

f  (R)  r  R  -.0278  sin  (28. 5R  + 

2.32)  f83) 

were  calculated  and  tabulated  in  Table  16  for  values 
of  R  ranging  from  R  -  0  to  R  -  1  foot.   Therefore, 
for  any  hyperbolic  elbow  within  the  table  range 
values  of  9  (R)  and  f  (R)  can  at  once  be  found  from 
tables  15  and  16,  respectively,  and  the  flow  meter 
co-efficient,  K,  oan  at  once  be  accurately  calculared 
from  equation  (82). 


SrsA^   /     \- 


•iL.i    .-:..%'.,-    .1    -    I     I    .L 
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lis.  For  our  3"  hyperbola,  where 

R]_=E"  =  .1667*  and  Rg  =  5.5"  =  .4586' 
Tahle  15  gives 

Q  (Ri)  =  .0402,  and  Q  (Rg)  -  .1852 
or, 

Q  (Rg)  a,  Q  (Ri)  ::.1852  ^.0402  =.1450 
Also,  Tahle  16  gives, 

f  (Rg)  =  .449 
Therefore,  the  expression  for  the  co-effioient  "be- 
comes,   K  -      Q      (Rg)  -  Q(\) 

(Rg  -  Ri)  /sLf  -(Rg)  -  f  (R)] 

-        .1450 


(,4586  -  .1667)  /2  [.449  -  f  (R)J  - 
=       .497 (84) 

/.898  -  2f  (Rj 

114.  The   ].ast  equation  is  the  general 
expression  for  steam  co-efficients  of  our  3"  hyper- 
bolic elhow,  connections  heing  made  along  the  line  of 
sjrmmetry,  and  all  pressures  "being  compared  with  that 
at  -opening  26.   This  equation,  as  we  trace  its  origin, 
is  found  to  he  the  final  result  -of  various  deductions 
from  equation  (70)  for  pressure  distrihution  as  re- 
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presented  "by  the  pressure  curve  of  Fig.  15.   We 
may  now  check  the  accuracy  of  the  equations  for 
the  "F"  curve,  the  velocity  curve  and  the  co- 
efficients "by  calculating  the  latter  according 
to  the  equation  (84),  and  then  comparing  the 
calculated  with  the  actual  co-efficients  for 
connections, 

26-6,26-31,  26-32,86-25,  26-34,  respectively, 

115.  Tahle  17,  helow,  shows  how  the 
calculated  co-efficients  compare  with  the  actual 
co-efficients. 

116.  Another  way  of  checking  our 
results  is  to  compare  the  mean  ordinate  of  the 
velocity  curve  with  the  actual  mean  velocity. 
ThWs,  since  the  pre ssure5 were  all  taken  at  or 
reduced  to  a  discharge  of  ¥  -  75  Its/min.,  and 
a  density  of  D  =  .275  the  actual  mean  velocity 

is, 

Va  =  .323  W  -  .323   75   -   88  ft/sec 
V     "      .^75 

(See  general  Data) 

On  the  other  hand  the  equation  for  the  mean  velocity 
is. 

v^  =  B  |Q  (Eg)  -  9  fR-j_)7  (see  Eq.  77) 

'      ^T^^ 

where      B  -   179  (  see  eq.  74) 
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Eg  s  .4586  R^-  .1667,  and 

©   (Rg)  -  9  (R-j_)  -  .1450  (see  paragraph  113): 

i.e.,  theoretically,  we  have, 

v«   =  179  X  .145   -  89  ft/sec. 
^  2919   ■" 

which  differs  "but  slightly  from  the  actual  mean 

velocity. 

117.  It  is,  therefore,  apparent  that 
there  is  general  agreement  between  the  calculated 
and  the  actual  velocities  and  co-efficients,  indi- 
cating the  correctness  of  all  the  derived  equa- 
tions, at  least  for  the  range  covered  hy  the  ex- 
perimental investigation, 

118.  It  may  he  remarked  that  for  esti- 
mating purposes,  approximate  values  of  the  flow  meter 
co-efficient,  K,  for  steam  may  he  calculated  hy 
assuming  the  velocity  integral  curve  to  he  approx- 
imately a  higher  parahola  of  the  form, 

3 

©  fR)  -  a  R  2  (85) 

and  hy  assuming  further  that  equation  (80)  may  he 
approximated  hy 

P  -  Pg  =  D  B^  (Rg-R)      (86) 


or 
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f  (R)   -  R      (Compare  with  eq.  83) 

Thus,  from  Table  15,  we  have, 

R  -  .813    ©  (R)   =  .446   or  a  =  Q    (R)   - 

~F^72 —  ' 

.446    =  .61 

.  g  13  ^12- 

R  -   .250   ©  (R)s:.078   or  a  -      -  0'^^  _  ^^^ 

~   .  ^^/i  -  ^^^ 

R  =   .584   9  (R)*.277 

03^  a  z  Q  (^^^ - ^jnj. ..£20 

/^  -3/^  "  .  s-84  ^''^ 

or  we  may  assume  as  an  approximate  mean  value, 

C_=  .62 

Then,    the   approximate   expression  for  the   flow 

meter  co-efficient  "becomes, 

K  ..   Q   (Rp,)  -  Q  (Rt) 


(Rg-Hi)  /2  |_f  (RgJ  -  f  (RiJJ 


.62  (Rg2  Rl'S) 


(  Rg  -  R-,)  /  H  (R  -  R  ) "".^^8  ^^r-f^"^''} 

(ri) 


Thus,   for  our  3"  elbow, 

R^  =  .1667   Rg  =  .4586,  and 

K  -  .438     .  4>i'g<^  '  "./^7  \    ,  -4  38  X    .   24a 

which  is  within  95^  accurate,  or  close  enough  as  an 
approximate  estimate. 
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GONCIUSIONS 


We  conclude  from  the  results  of  this 
investigation  that  in  the  rectangular  hyperbolic 
elhow  with  its  straightening  grids,  ^e  have  at 
least  one  flow  metering  device  of  dependable 
commer6ial  accuracy.   Since  the  accuracy  of  this 
device  in  no  way  depends  upon  the  nature  of  local 
piping  complications,  shop  calibrations  only  are 
necessary.   This  is  a  feature  which  is  very  im- 
portant from  a  practical  point  of  view. 

120.  Because  of  the  stream  line  flow 
in  the  hyperbolic  elbow  as  against  the  complicated 
turbulent  flow  in  the  original  elbow,  before  it 

is  replaced  by  the  hyperbolic  type,  there  is  a 
gratifying  reduction  in  friction  pressure  drop. 
Thus,  in  ordinary  piping  and  fittings  the  pres- 
sure drop  is  approximately  proportional  to  the 
square  of  the  ve:].ocity.  For  stream  line  flow, 
however,  internal  friction  instead  of  "skin" 
friction  predominates  and  it  is  a  fact  that 
friction,  produced  by  viscous  forces  alone  are 
proportional  to  the  first  pov;er  of  the  velocity 
instead  of  the  second  power. 

121.  For  example,  in  the  case  of 
capillary  tubes,  the  relation  between  velocity 
and  pressure  drop  is  expressed  by 
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^   -  P     (>?^  -  r^)  (88) 

(See  Lamp's  Hydro dynamios) 

p.  220-221 

R-  -  radius  of  the  tube 

y      -      Y^tc>city    ^  at   a    d i'sfanc<^  ^  r ^   -frcrn    the   center 

£  >  pressure  drop  per  unit  length  of  tube 

a  z  co-efficient  of  viscosity  of  the  fluid.   The 
pressure  drop  per  unit  length  £  is  thus  seen  to 
be  proportional  to  the  first  power  of  the  velocity; 
viz. , 

Or,  if  the  mean  velocity,  v^,  corresponding  to  the 
total  discharge  Q,  is  considered,  7/e  have  the  rela- 


tion. 


Q   =   J^  R    P  (90) 


B/^1 


(Same  reference  as  for 
eci.  88) 


from  which. 


or  the  pressure  drop  £,  is  proportional  to  the  first 

1  

power  of  the  mean  velocity  v^. 


122.  In  using  the  hyperbolic  elbow  as 
a  flow  metering  device,  just  as  in  the  case  of  the 
pitot  tube,  orifice,  or  venturi  tube,  it  must  be  re- 
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membered  that   in  the   formula, 

V  -  E/TT"! 

H  represents  head  in  feet  of  the  particular  fluid 
whose  flow  is  to  he  measured  and  not  pressure 
difference  p.   In  fact-,  as  was  formerly  shown, 

H  =  £ 

D 

where,    p     r   pressure   difference,    lbs/  sq.    ft. 
and  D  =   density   of  the   fluid,    Ibs/cu.ft. 
or  we  have. 


D  (see   eq.    16) 

Apparently,  then,  the  density,  D,  of  the  fluid 
is  of  as  much  importance  as  the  pressure  dif- 
ference, p,  for  calculating  velocity  of  flow,  v. 
Since,  the  density  D  in  the  case  of  steam  gases, 
and  oils  varies  with  pressure^^ temperature^nature, 
of  oil^etc.  j/fis  important  to  have  some  means  of 
correcting  for  these  variations  if  the  flow  meter 
is  to  be  accurate. 

123.   Yi/hen  the  flow  is  to  be  measured  in 
weight  per  unit  of  time,  say  pounds  per  hour,  we 
note  that  the  expression  for  the  discharge,  VI 
in  Ibs/hr  can  be  written, 

W  -   3600  a  V  D  =  3600(jDZ/'Hg 


S    -- 

z  360QaK/Zg   p  D     ^fC,/p~~^^    "   (92) 
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where, 

a  -  area  of  cross-section  of  the  elhow 
through  the  plane  of  symmetry  and  K-j_  -   elhow 
constant  -  3600  az/~2g  ;  Thus,  for 

our  3"  elhov;,  K-j_  =  3600  x  .0516  x.64/S¥75  =  ^6b^ 
in  the  case  of  stoam. 

In  the  case  of  gases,  where  flow  measurement  in 
standard  cuhic  feet/hr  is  usually  wanted,  the 
simplest  way  is  to  measure  the  weight  of  dis- 
charge and  then  divide  the  result  "by  the  constant 
density  of  a  cubic  foot  of  the  gas  under  the 
standard  conditions.   The  gas  meter  can  then  he 
made  to  read  standard  cubic  feet  directly,  if  the 
constant,  K-j_,  of  equation  (92)  is  divided  by  the 
density  of  a  standard  cubic  foot  of  the  gas. 

124.   An  inspection  of  equation  (92) 
shows  that  an  accurate  flow  meter  must  be  able  to 
measure  the  product  of  the  two  variables,  pressure 
difference  and  density.   If  a  definite  relation 
exists  between  density,  on  the  one  hand,  and 
absolute  pressure,?,  and  temperature,!,  on  the 
other  hand,  as  in  the  case  of  gases,  for  example, 
we  may  substitute  for  D  in  equation  (92)  its 
equivalent  in  terms  of  P  and  T. 
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P.      V        =       B      T  (98)      and 

D        -  1 

V  (94) 

from  which,      D  =     1     =     P 

V  BT  (95) 

and  we  maj;^  rewrite  eq.    (92)    as 

/    B    3! 


^Kq/p     P 

7T  (96) 


where  the  new  constant  Kg  involves  the  gas  constant 


B'viz 


^ 


•  ::  28.900  aK  (97) 

n — 

Therefore,  in  the  case  of  gases  or  in  the  case  of  any 
vapors  whose  densities  vary/with  pressure  and  tempera- 
ture in  approximate  accordance  with  the  law, 

PV  z  BT 
e.g,  superheated  steam,  the  flow  meter  must  he  ahle 
.to  measure  the  comhined  product  and  ratio  of  the 
three  variables,  pressure  difference,  p,  absolute 
pressure  P,  and  absolute  temperature,  T. 

125.   This  is  accomplished  in  the  case 
of  Sargent  flov;  meters  by  the  use  of  electrical 
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resistanoes  for  measuring  each  of  the  3  different 
variables,  i.e.,  each  of  the  latter  is  oaused  to 
vary  an  electrical  resistance  in  direct  proportion 
to  its  variations,  Thus,  we  have, 
p  =  CiR-L     (98) 
P  =  CgRg     (99) 
T  -  G3R3       (100) 
where, 

R^  Rg  &  Rg  are  the  three  variable  resistances 
and  C,  Og  and  Og  are  the  corresponding  constants  of 
proportionality.  Then  use  is  made  ol*  the  unique 
property  of  the  V/heatstone  hridge  circuit  Tlz.,that 
when  The  galvahometer  reads  zero,  the  4  resistances 
of  the  circuit  "bear  to  each  other  the  simple  relation. 


faee  Fig.  19) 


J^       R3  (101) 


resistanoes  for  measuring  each  of  tho  3  different 
varieties,  i.e.,  each  of  the  latter  is  caused  to 
vary  an  electrical  resistance  in  direct  proportion 
to  its  variations.  Thus,  we  have 


=  CtE 


1"1 
P  =  02^2 


(93) 
(99) 
(100) 


where, 

E]_  Rg'S:  Eg  aro  the  three  variable  resistances 
and  C^  Cg  and  Cg  are  the  corresponding  constants  of 
proportionality.  Then  use  Is  made  ot  the  unique 
property  of  the  T/heatstone  bridge  circuit  viz., that 
TThen  The  galvabometer  reads  zero,  the  4  resistances 
of  the  circuit  bear  to  each  other  the  simple  relation, 
E  = 


\"% 


(101) 


(see  Fig.   19) 


PMOxx/f  or  ELEcriifC  anc 
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or  K  z  %  ^2 


(102) 


^3 


where  R  is   the  iDalancing  unlinown  resistance   of  the 

circuit. 

Since   the  e2i)ression 

involved  in  the  flow  formula. 


W    :;       Kg       

T  (see  eq.  96) 

is  proportional  to  the  corresponding  resistance 
expression, 

^1  ^2 

% 
viz.. 


O3  Eg  (103) 

(from  E^.    98,99,100), 
£t   is  evident  that   the  unknown  resistance  R^is   also 
proportional  to   the  expression 
£P    ;   viz., 

a? 


R  -  RtR? 


Oj_     £P 


R-,^  01   02    T 

or  the   following   simple   relation  exists  between  R  and 
the   rate   of  discharge,   W: 

W  =  K2/~'£P  -  Ko/CTS  H     - 

C3 
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=   Kg^A"!  (104) 

where  tlie  constant  of  proportionality.  Kg,  is 
evidently, 
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1E6.  For  a  full  description  of  the 
new  Sargent  flow  meters,  the  reader  us  advised 
to  procure  a  copy  of  the  report  sent  to  the  Fuild 
Meters  Committee  of  the  A.  S,  M.  E.  at  a  recent 
date;  only  a  brief  description  of  these  meters  is 
given  helow. 

127,  Fig.  19  is  a  diagramatic  outline 
of  the  nature  of  the  Wheat stone  bridge  circuit, 
as  used  for  flow  measurement.   The  pressure  differ- 
ence JO  is  transmitted  from  the  hyperbolic  elbow 
or  other  metering  device  to  the  so-called  "meter 
body"  which  is  of  the  inclined  mercury  manometer 
type.   The  inclined  tube  is  made  of  bakalite  and 
has  about  one  hundred  metal  contacts  projected 
inside  the  tube  and  affected  by  variations  of 
mercury  level.  Resistance  coils  are  wound  around 
the  bakalite  tube  between  the  different  contacts. 
By  introducing  the  higher  pressure  on  the  inclined 
side  of  the  manometers,  the  mercury  level  is 
lowered  by  the  pressure  difference  and  the  effect- 
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ive  resistance  is  inoreased  in  direct  proportion 
to  the  movement  of  the  mercury  level  or  to  the 
increase  of  pressure  difference;  i.e.,  we  get, 
p   -  Gi  R-L  (see  eq.98} 
1E8.  An  electrical  pressure  gauge 
of  the  closed  and  mercury  U-tuhe  compressed  air 
type  is  used  for  measuring  ahsolute  pressure. 
The  mercury  movement  is  caused  to  vary  a  resist- 
ance in  accordance  with  the  particular  contact 
the  mercury  reaches.  By  properly  distributing 
the  resistances  between  the  different  contacts, 
the  total  resistance  for  any  mercury  level  may  he 
made  any  desired  function  of  the  absolute  pressure 
In  case  of  gases  and  superheated  steam,  the  pres- 
sure resistance  is  made  directly  proportional  to 
absolute  pressure  i.e.. 

In  the  case  of  wet  or  saturated  steam  for  which, 
with  constant  known  quality,  the  density  depends 
upon  absolute  pressure  alone,  the  pressure  resis- 
tance is  calibrated  to  be  directly  proportional 
to  the  density  corresponding  to  the  absolute 
pressure,  as  given  by  steam  tables;  i.e.  the 
correction  for  density  is  as  accurate  as  the 
steam  tables  can  make  it,  and  we  have, 
J)   -   O4R2  (106) 
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1E9,   To  correct  for  temperature 
changos,  uce  is  made  of  the  variation  of  resis- 
tance with  temperature.   If  a  resistance  ma- 
terial could  he  chosen  v/ith  such  a  resistance 
temperature  co-efficient  that  the  total  resist- 
ance R3  for  any  given  absolute  temperature  T 
is  directly  proportional  to  the  latter,  we  should 
have, 

T   =  GgRg   (see  eq.  100) 
It  can  he  shown  that,  if  the  temperature  co- 
efficient a  is  referred  to  temperature  J^q  i.e., 
if 

R  -  Ro  [i  -^  ^  C^-'^o)]    ^         fl07) 
the  desired  value  of  this  co-efficient  is 

a  r     1         1       (108) 
460  +  to   =  To 

e.g.,  in  the  case  of  air  at  room  temperatures, 

let,  to  =  60°  F.  Then 

a  z      1      =  _1 =  .001925  fl08a) 

460  +  60     520 

Thus,  hy  substituting  the  expression  for  a  as  given 

by  equation  (108)  into  equation  (107)  we  get. 


LA  *  t 

^460  + 


to  )  =  Ro  (460  +   to-ftyto)  = 


To  460  +  to 

Ro  (460  4  t)    -  Ro T_ 

460  -f.  to    "        To         (109) 

or  the  variable  resistance, R  is  directljr  proportional 
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to  the  absolute  temperature,  T,  as  was  previous- 
ly stated. 

130,   ',70  use,  for  temperature  oorreat- 
ion,  copper  wire  in  series  with  a  wire  of  some  other 
material,  which  is  practically  unaffected  by  the 
temperature,  such  as  constantan  sometimes  called 
Advance  wire.   The  copper  wire  is  wound  into  the 
form  of  a  special  coil,  and  the  latter  is  encased 
into  a  metal  plug  and  screwed  into  the  pipe,  where 
the  flow  is  to  "be  measured.   The  Advance  wire  coil 
is  kept  outside  of  the  pipe  at  any  desired  dis- 
tance from  the  latter,  usually  in  the  recording 
instruments  case.   The  resultant  temperature  co- 
efficient of  the  copper  and  advance  wire  coils  is 
less  than  that  of  copper, 
since  the  Advance  v/ire  coil, 

=  .  004-  /  "O   =  I 


-  .00222/  i'  at  room  temperature 
has  no  temperature  co-efficient.  By  proper  propor- 
tioning the  ratio  between  the  copper  and  Advance 
wire  resistances,  any  desired  temperature  co-ef- 

0 

f icient  may  be  obtained.   Thus  for  f^  a  =  .001925/  F 
we  use  the  ratio 

0  =   Advance   =  Copper   -  1  r 
K  Copper    a 

-  «QQ2S20   -1  -  1.155-1  -  .155 
.001925 
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between/^resistance  of  the  Advance  wire  and  that  of 
the  copper  coil.   The  resultant  coefficient  can 

0 

then  he    shoirn  to  he   equal  to   a  =    .001925/  F.      Thus 
at   the   reference  temperature,    to_  for  each  ohm  of 
copper  resistance  we  have 

1   •f'  .156  =  1.155  total  resistance 
At   any  higher  temperature  t,    the   resistance  hecomes, 
K  =1^4   -i-  .  C0LZ^  (t-tjj  ^   .IS'S  z 

=  1-1^5    Cl   +   a   (t   -   t^)  J 
or 


1.155   -iji   +  .cC£Z2(t-t>j]    t./SS 
<L   -f-   c^  C-l-  '-^cJ 

-   1.155  +    .00222    (t    -tn) 

1   +   a    (t   -   to) 

or 

1.155   +   1.155  a    f^-^,)   •=   ±.iS5   -^  .  C0LZ2.   (f-fo) 

or 

a  -  «QQ222       -  .001925 
1.155 

as  it  should.   The  temperature  resistance  plug  is 

shown  inserted  into  the  pipe  of  Fig.  19,  and  its 

resistance  hears  the  following  relation  to  absolute 

temperature, 

T  =   GgRg  (See  eq.  100) 

where,  according  to  equation  (109) 


Gg  =  To  ,  (460  ■»•  to) 

/^^  "101^  1  )  ?.  copper  (110) 
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(G  r  RAdvance at  tn  '^F) 

Rcopper 

131.  The  ■balancing  resistance,  R 

is  a  part  of  the  recording  apparatus  of  which  only 
the  indicator  is  shown  diagramatically  in  Fig,  19, 
the  graphic  and  integrating  portions  "being  OEamitted. 
This  rheostat  is  automatically  adjusted  in  synchro- 
mism  with  variations  of  any  of  the  three  variable 
resistances  i.e.,  meter  "body,  pressure  gauge  or 
temperature  plug  resistances,  hy  means  of  the  gal- 
vonoraeter  relay  and  the  control  motor  shown  in  the 
figure.   The  galvonometer  relay  is  a  newly  patented 
ctevice  which  acts  like  an  automatic  switch  starting 
the  motor  in  either  direction,  when  the  galvonometer 
pointer  deflects  from  its  zero  position  in  the  cor- 
responding direction  and  promptly  stopping  the  motor, 
when  the  pointer  returns  to  its  neutral  position. 
Its  possihle  applications  are  innumerable,  and  its 
use  for  flow  or  any  other  metering  devices  is  only 
one  of  its  applications. 

132.  The  motor  is  a  small  one  of  the 
Universal  series  type,  which  can  he  used  either  with 
direct  or  alternating  currents.   The  comparatively 
large  power  of  the  motor  ds  against  that  of  ordinary 
instruments,  whether  mechanical  or  electrical,  makes 
the  recording  apparatus  unusually  rugged  and  positive 
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in  its  action.   The  electric  power  consumed,  how- 
ever, is  less  than  25  watts  for  the  motor,  while 

for  the  imeatstone  bridge  circuit  the  power  used 
is  less  than  3  watts,  the  current  of  the  circuit 
being  less  than  .1  of  an  ampere  and  the  voltage 
used  being  between  20  and  30  volts.   The  compara- 
tively high  voltage  insures  good  electrical  con- 
tact between  the  nickel  projections  and  the  mercury, 
while  the  comparatively  small  current  is  still  large 
enough  to  make  the  galvonometer  rugged,   in  fact  a 
millivoltmeter  could  be  used  as  a  milliammeter  in 
place  of  the  galvanometer  if  provided  with  the  pa- 
tented relay  attachment. 

133.  The  accuracy  of  the  V/heatstone 
bridge  method  of  measuring  resistance  is  proverbial, 
As  a  zero  method,  it  is  unaffected  by  voltage  vari- 
ations, there  being  no  current  flowing  through  the 
galvanometer  when  the  bridge  is  balanced,   m 
addition, the  fact,  that  the  Vheat stone  bridge  makes 
it  possible  to  measure  the  product,  ratio,  ^es-fes 
or  combinations  of  both  of  several  variables  is  of 
great  practical  importance. 

134.   To  summarize:  fl)  The  reliability 
of  the  hyperbolic  elbow  for  producting  a  difference 
of  pressure  which  has  a  definite  predeterminable 
relation  to  the  average  velocity,  (2)  the  accuracy 
of  the  resistance  method  of  measuring  variation 


•119- 


of  mercury  level,  produced  "by  a  difference  of 
pressure,  and  finally,  (3)  the  possibility  of 
correcting  for  variations  of  absolute  pressure, 
temperature,  density  etc.,  "by  means  of  the 
Wheatstone  bridge  circuit  -  all  these  important 
points  open  a  new  era  in  flow  measurement  accuracy « 

135.  It  is  hoped  that  the  method 
used  in  this  investigation  for  analyzing  plane 
stream  flow,  v/ill  "be  found  useful  for  additional 
similar  investigations.   It  is  also  hoped  that  the 
scientific  world  will  find  it  possible  to  con- 
tinue the  research  work  along  these  lines,  cor- 
robating  or  modifying  the  results  so  far  found. 
The  Sargent  Steam  Meter  Company  wishes  to  offer 
any  assistance  within  its  power  for  such  investi- 
gations and  V7ill  for  such  purposes  furnish  hyper- 
bolic elbows  up  to  12"  size  at  cost. 
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